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Level Set Algorithm for Shape Reconstruction
of Non-Overlapping Three-Dimensional
Penetrable Targets
Mohammad Reza Hajihashemi, Member, IEEE, and Magda El-Shenawee, Senior Member, IEEE

Abstract—This paper presents a 3-D shape reconstruction algorithm based on the level set method. Multiple dielectric and
non-overlapping objects are considered. The level set algorithm
is a gradient-type optimization approach that aims to minimize
a cost function between measurements and computer-simulated
data. The algorithm is capable of retrieving the shape and location
of multiple targets made of two different and slightly lossy materials. An appropriate form of the deformation velocity based on the
forward and adjoint fields is calculated. The method of moment
surface integral equation is implemented to calculate the deformation velocity of the evolving objects. Two sets of Hamilton–Jacobi
equations, associated with the two dielectric materials, are solved
simultaneously to update the evolving objects. During the inversion scheme, the marching cubes method is employed to restore
the surface meshes necessary for the forward solver. The algorithm
is tested on corrupted synthetic data with signal-to-noise ratio
of 10 dB.
Index Terms—Computational electromagnetics, inverse electromagnetic scattering, level set algorithm, method of moments,
shape reconstruction.

I. I NTRODUCTION

T

HE INVERSE scattering problem of unknown objects has
many applications including microwave imaging, ground
penetrating radar, nondestructive evaluation, and biomedical
engineering. Numerous inverse problem techniques for 2-D
and 3-D targets were reported [1]–[21]. For example, multifrequency plane waves at a fixed angle were used in [1] to
illuminate the target, and the observation domain was located in
the far zone. The physical optics approximation was employed
for imaging 3-D perfect electric conductors (PEC). Upon using
a linear distributional model, the unknown parameters were
retrieved. A Kirchhoff-based approximation was employed in
[2] to retrieve the shape of 2-D dielectric cylinders from aspectlimited multimonostatic backscattering data. The Tikhonovregularized Gauss-Newton framework was implemented in [3]
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to reconstruct the boundary and the inhomogeneity parameters
of 2-D targets. The object was represented using a global
basis function while its boundary was represented as zero level
of a signed-distance function. Optimization methods, such as
the particle swarm optimization techniques were reported in
[4] where the shape of 2-D PEC targets was reconstructed
using the differential evolution. An innovative multiresolution
particle swarm optimization method for 3-D objects was presented in [5].
For the breast cancer application, the shape and the location
of a 3-D breast cancer tumor-like were retrieved using the
spherical harmonic decomposition approach [6]. The gradient
descent optimization method and the Method of Moments
(MoM) were combined to determine the coefficients of the
spherical harmonic decomposition. A lossy dielectric 3-D object with irregular shape was immersed in lossy medium to
simulate breast cancer tumors [7]. The adjoint field technique
was employed to calculate the gradient and to update the
surface nodes. The main limitation in [7] was the a priori
assumption of the number of the unknown objects and their
locations. A 3-D microwave tomography imaging system for
breast cancer detection based on the Born iterative method and
the distorted Born iterative method was presented in [8]. A
new algorithm based on the conjugate gradient least squares
method was presented for the microwave imaging of breast
cancer [9].
Several 3-D works were published, for example, the inverse
scattering of 3-D targets was addressed in [10] using the vector
equations and a gradient approach. The application of the
Gauss-Newton type optimization for 3-D microwave imaging
was investigated in [11]. Regularized contrast source inversion
methods were applied for biomedical applications as reported in
[12] and [13]. Different imaging approaches were used in [14]
for retrieving high contrast tissues. The work in [15] dealt with
quantitative as well as shape reconstruction inverse scattering
problem.
Other 3-D techniques were reported in [16], where the
filtered backpropagation and the direct Fourier interpolation
algorithms were extended to three dimensions. As anticipated,
the methods were limited to weak scattering objects. A two-step
linear inverse scattering algorithm was proposed for imaging
3-D objects hidden behind a wall [17] without the a priori
assumption of the wall parameters.
The linear sampling method (LSM) was reported as a fast
and very effective technique for shape reconstruction problems
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in electromagnetics [18]–[21]. In this method, the shape of the
scattering object was retrieved upon solving a linear integral
equation of the first kind; however, large amount of data was
generally needed. Improvements in the LSM were reported
in [20] where good reconstruction results were demonstrated
using fewer data. The results in [20] showed successful retrieval
of three spheres with two different dielectric constants. The
LSM and the ant colony optimization were combined in [21]
for the shape and permittivity reconstruction of 3-D dielectric
objects.
Recently, the level set technique demonstrated a potential
for 2-D and 3-D targets [22]–[29]. A 2-D level set algorithm
was proposed for shape reconstruction of multiphase material dielectric objects using synthetic and experimental data
[22]. An overview of the level set method and some recent
developments for inverse electromagnetic scattering were presented in [23]–[25]. For optical tomography applications, a
3-D level set technique was implemented for the shape and
contrast reconstruction of two cylindrical inclusions, differing
in absorption and diffusion parameters from the background
[26], [27]. Both synthetic and experimental data were tested.
The multiregion approach and the level set method were integrated for the shape and position reconstruction of multiple 2-D
objects [29].
The objective of the current work is to reconstruct the
shape and the location of 3-D multiple, homogeneous, nonoverlapping, dielectric objects made of two different materials.
In this paper, we assume that the constitutive parameters of the
unknown objects are a priori known. The level set has proven
flexibility and robustness for handling topological changes with
automated breaking and merging of the object(s) during the
evolution process [22]–[29]. According to this implicit representation, the numerical computations for tracking surfaces
can be performed using fixed Cartesian grid without having to
parameterize the objects [23].
In the vector level set representation, overlapping should
be avoided or minimized using additional constraints in the
cost function as discussed in [22]. However, in the current
work, such a constraint was not used, but instead each level
set function evolved using a deformation velocity that is a
function of the whole scattering system. The different regions
may overlap during the reconstruction process with assigning
the higher dielectric constant to the overlapped region as will
be discussed in the Numerical Results Section.
In all results presented here, plane waves were used with the
sources and receivers located in the far zone. The combined
field integral equation is solved using the MoM [30] to update
the surfaces of the objects during the inversion algorithm. It
is important to emphasize that all results here were based on
computer simulations (i.e., synthetic data). In real scenarios,
when using true data, the cost functions are anticipated to have
larger values due to the inevitable clutter, noise, system calibration, etc. We have successfully tested the level set algorithm
using experimental measured data from 2-D PEC objects [31],
[32]. Also, to minimize the inverse problem crime, different
accuracies were used in the MoM, e.g., ∼ 0.04λ discretization
was used in the forward solver versus ∼ 0.15λ discretization
used in the reconstruction algorithm.

Fig. 1.

Configuration of the forward and adjoint scattering problems.

II. M ETHODOLOGY
A. Forward and Adjoint Scattering Problems
The configuration of the problem is shown in Fig. 1. Multiple
objects made of two materials with complex permittivity ε̃1 , ε̃2
are immersed in free space with the permittivity and permeability of ε0 and μ0 , respectively. We follow an optimization
approach where the mismatch between the simulated field and
the synthetically measured data is minimized (i.e., the cost
function). At any inversion iteration, the scattered fields from
the evolving objects, the measurement data, and the retrieved
objects are used to compute the updated objects in the consecutive iteration.
For any combination of the incident and scattering directions,
two scattering problems, called the forward and the adjoint,
need to be solved. A plane wave illuminates the evolving
objects in the direction of (θinc , φinc ) producing scattered
electric far field due to the evolving objects represented by
sc
E (θinc , φinc , θsc , φsc ). The synthetic measurement fields are
sc
represented by E meas (θinc , φinc , θsc , φsc ), where the direction
of the scattered field is determined by the angles (θsc , φsc ). The
adjoint problem involves solving a second scattering problem
[7]. Associated with each measurement direction, an artificial source is placed in the far zone to excite the targets
in the back-propagation direction (θsc + π, φsc )[7]. The complex amplitude of the artificial source is defined by the term
sc
sc
(E (θinc , φinc , θsc , φsc )−E meas (θinc , φinc , θsc , φsc ))∗ .
In order to calculate the scattered field, the surface of the
evolving objects is discretized into triangular elements using
the conventional RWG (Rao-Wilton-Glisson) basis functions
to represent both the electric and magnetic surface currents
densities. In this paper, we have employed the PMCHW
(Poggio–Miller–Chang–Harrington–Wu) formulation [30]. As
shown in Fig. 1, two sets of the electric and magnetic currents (J 1 , M 1 and J 2 , M 2 ) are induced on the surface of the
objects [30]:
J 1 (r) =

Ne1


In,1 fn (r);

M 1 (r) =

n=1

J 2 (r) =

Ne2

n=1

Ne1


Mn,1 fn (r)

(1a)

n=1

In,2 fn (r);

M 2 (r) =

Ne2


Mn,2 fn (r). (1b)

n=1

The symbols Ne1 and Ne2 represent the number of interior
edges corresponding to each material surface and fn (r) is the
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well-known RWG basis function [30]. The symbols In,1 , Mn,1
represent the unknown coefficients of the current densities on
the first object and In,2 , Mn,2 represent the unknown coefficients of the currents on the second object. Upon enforcing the boundary conditions on the surface of the dielectric
objects and solving a system of equations, these unknown
coefficients are obtained. The linear system of equations is
given by:
⎡

[Z11 ] [Z12 ] [Z13 ] [Z14 ]

⎤⎡

[In,1 ]

⎤

⎡

[Vm,1 ]

⎤

⎢ [Z21 ] [Z22 ] [Z23 ] [Z24 ] ⎥ ⎢ [In,2 ] ⎥ ⎢ [Vm,2 ] ⎥
⎢
⎥⎢
⎥ ⎢
⎥
⎢
⎥⎢
⎥=⎢
⎥. (2)
⎣ [Z31 ] [Z32 ] [Z33 ] [Z34 ] ⎦ ⎣ [Mn,1 ] ⎦ ⎣ [Hm,1 ] ⎦
[Z41 ] [Z42 ] [Z43 ] [Z44 ]

[Mn,2 ]

[Hm,2 ]

The impedance matrix (Z) on the left side of (2) depends on
the geometry of the scatterers and the frequency. The submatrices Zij are computed by calculating the interactions between
of the interior edges. The incident vector (V ), on the right
side of (2), is a function of the incident wave, the geometry of
the objects, and the frequency. Multiple incident electric and
magnetic fields are denoted by Vm,1 , Vm,2 Hm,1 , and Hm,2 ,
where m represents the index of each incident wave.
Upon solving (2) and calculating the induced electric and
magnetic currents using (1), the scattered fields due to the
evolving objects are computed [30]. Since the induced currents
are required to be calculated for the forward and the adjoint
problems, it is more efficient, from the CPU time point of
view, to first invert the impedance matrix Z, and then multiply it by the incident vectors corresponding to the different
directions.
In the presented algorithm, the surface of the evolving objects
is updated every ten iterations. Consequently, the impedance
matrix and its inverse are calculated. The inverse matrix is then
stored and multiplied by the matrix of the multiple incident
waves. In the current work, the considered targets are relatively
small with sizes range from 8 cm to 16 cm. For larger problems,
it is anticipated to have an increase in the CPU time and
memory requirements, unless accelerations methods such as the
fast multipole method or others are utilized.
B. Level Set Approach
The evolving surfaces are represented as the zero level of 3D functions. To track the motion of the surfaces, the 3-D level
set functions are updated in the entire computational domain. It
is also possible to save the computational time upon updating
the level set function in a neighborhood of the moving surface
(narrow-band scheme). However, we observed some numerical
inaccuracy during the reinitialization process and improper
movement of the interface [23]. We also observed that most of
the computational time was consumed in the forward scattering

Cost =

meas
inc
N
i
 N

E

sc

m=1

problem, particularly in inverting the MoM impedance matrix,
compared with updating the level set functions. For each material index i, a 3-D level set function is defined Φi (x, y, z, t).
The surface of the objects made of the ith material Γi (·), is
expressed as:
Γi (t) = {(x, y, z)|Φi (x, y, z, t) = 0} .

(3)

Calculating the derivative of (3) with respect to the evolving
time leads to the following PDE known as the Hamilton–Jacobi
equation [23]:
∂
Φi (x, y, z, t) + Fi (r) ∇Φi (x, y, z, t) = 0
∂t

(4-a)

Φ0i = Φi (x, y, z, t = 0)

(4-b)

Where Fi (r) represents the velocity function in the normal
direction and Φ0i (·) represents the initialized level set function
in the beginning of the inversion algorithm. The PDE given in
(4) is solved numerically using the higher order finite difference
schemes [23]. The level set function, Φ0i in (4b), is initialized
using the signed-distance function corresponding to the initial
guess surface. In this paper, the initial guess is chosen to
be a sphere with radius of rc centered at (xc , yc , zc ). The
initialization process of any pixel (xm , yn , zp ) in the domain
of interest is given as:
Φ0i (xm , yn , zp )2
(xm − xc )2 + (yn − yc )2 + (zp − zc )2 − rc .

=

(5)

C. Deformation Velocity
As mentioned earlier, the error between the simulated fields
scattered from the evolving objects and the synthetic measurement data need to be minimized. Assume that N inc is
the number of illuminating plane waves, and Nimeas is the
number of scattering directions corresponding to ith incidence
whose direction is determined by the angles (θiinc , φinc
i ).
sc
The direction (θi,m
, φsc
i,m ) represents the mth scattering direction due to the ith incident wave. The electric field
sc
sc
sc
E (θiinc , φinc
i , θi,m , φi,m ) represents the scattered electric far
sc
inc
sc
sc
field, while E meas (θi , φinc
i , θi,m , φi,m ) is the corresponding
measurement data. In the current work, the cost function is
normalized with respect to measurement data as in (6), shown
at the bottom of page.
To achieve convergence, the deformation velocity is chosen
such that the cost function has a negative derivative with respect
to the evolving time. It can be shown, using the reciprocity

sc

sc
sc
inc
inc sc
sc
θiinc , φinc
i , θi,m , φi,m − E meas θi , φi , θi,m , φi,m
sc

i=1
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sc
sc
E meas , θiinc , φinc
i , θi,m , φi,m

2

2

(6)
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theorem and the work of Roger [33], that the following expressions result in decreasing cost function:
⎤
⎡
meas
inc
N
i

 N

(7a)
F1 (r) = ⎣−
Re E 1 (r).E 1 (r) ⎦
i=1

⎡
F2 (r) = ⎣−

m=1

meas
inc
N
i
 N

i=1

Re


E 2 (r).E 2 (r)



⎤
⎦

(7b)

m=1

where F1 (·) is the deformation velocity associated with the
first material surface, and F2 (·) is the deformation velocity
associated with the second material surface. The electric fields

E 1 (r) and E 1 (r) represent the forward and the adjoint fields,
respectively, on the surface of the first material. The fields

E 2 (r) and E 2 (r) represent the forward and the adjoint fields,
respectively, on the surface of the second material. Let n̂ represent the normal unit vector to the objects’ surfaces and ω is the
angular frequency. Upon using the boundary conditions, M =
E × n̂|S + and n̂.E|S + = (∇ · J)/ − jωε0 , where S + indicates
approaching the surface from the outside, (7) can be rewritten
as [7]:
⎡

meas
inc
N
i
 N

⎣
F1 (r) = −
Re M 1 (r) · M 1 (r)
i=1

m=1


∇ · J 1 (r)∇ · J 1 (r)
−
(ωε0 )2
⎡
F2 (r) = ⎣−

meas
inc
N
i
 N

i=1


(8a)




Re M 2 (r) · M 2 (r)

m=1


∇ · J 2 (r)∇ · J 2 (r)
−
(ωε0 )2


. (8b)

Note that the deformation velocities, F1 (·) and F2 (·), are
valid only on the surfaces of the dielectric objects. For updating
the Hamilton–Jacobi equation (4), the extended velocity function at each grid point in the entire computational domain is
chosen to be the deformation velocity of the nearest point on
the evolving surface [23].
The well-known frequency hopping technique is employed
in this work to avoid trapping the algorithm in local minima. In
general, the scattered fields at a single frequency do not provide
enough information for most of the imaging algorithms [7] and
[34]. The lower frequencies are used to retrieve the position and
the general profile of the targets and the higher frequencies aid
to retrieve finer details of the objects [34].
The stagnancy of the cost function at a current frequency is
considered the criteria for hopping to a higher frequency. This
technique avoids the excessive computational time when the
cost function drops in local minima. To automate the criteria,
we calculated the most recent 20 samples of the cost function
and examined the difference between the averages of each five
successive samples. If it is less than a threshold (e.g., 1% in this
work), the working frequency hops to the higher one, unless

Fig. 2. Normalized cost function for reconstruction of the torus and the
cylinder.

a preassigned maximum number of iterations per frequency is
reached (e.g., 5000 iterations are used in this work).
The number of iterations could be decreased by choosing
a larger time step, or by using coarser MoM discretization to
represent the surface of the evolving objects. These selections
may increase the fluctuations in the cost function or worsen the
accuracy of the reconstruction results. In all results presented
here, the computational domain is an 80-cm cube, and the resolution of the computational domain is 200 × 200 × 200 pixels.
The level set technique does not alleviate the ill posedness of the inverse scattering problem. It is used just as a
mathematical framework due to its advantages compared with
explicit representation. The definition of the cost function we
have used here is the standard root sum square error between
the simulation and the measurement data. No explicit regularization techniques were implemented in this work. However,
an implicit regularization scheme was carried out through the
use of weighted averaging of the deformation velocity [7] and
smoothing of the evolving surface meshes [35]. The work in
[7] presented a scheme of updating surface nodes, where the
update of each node was based on the average displacements
of neighboring nodes. Similarly in this work, the deformation
velocity at each surface patch was based on the average velocities of neighboring patches. Each patch is a triangle with
common edges with three other neighboring triangles. Using
a simple averaging process, the deformation velocity of a particular patch was given a weight of three while the velocity of
each neighboring patch was given a weight of two. Alternative
regularization techniques can be incorporated in the level set
algorithm as discussed in [24].
D. Marching Cubes Method
The basic idea of the level set method is to implicitly represent the evolving surfaces. However, the MoM forward solver
requires the triangular discretization of the evolving surfaces
at each iteration. To achieve the proper discretization of the
evolving objects, we used a computer graphic technique known
as the marching cubes method to extract the triangular mesh
from the 3-D level set function [35], [36]. In the marching cubes
method, the computational domain is divided into cubes and
the algorithm determines how the zero level surfaces intersect

HAJIHASHEMI AND EL-SHENAWEE: LEVEL SET ALGORITHM FOR SHAPE RECONSTRUCTION OF THREE-DIMENSIONAL PENETRABLE TARGETS

79

Fig. 3. Reconstruction of the torus and the cylinder. (a) Initial guess. (b) After 2000 iterations at 0.5 GHz. (c) After 8000 iterations at 2 GHz. (d) Top view after
8000 iterations (xy-plane).

with each cube. To improve the quality of the generated mesh,
the Laplacian smoothing scheme is employed in this work [35].
In the actual implementation of the marching cubes algorithm,
the resolution of the computational domain is 200 × 200 ×
200 pixels. The dimension of each cube is selected to include
five or six pixels. As the frequency hops to a higher one, the size
of the cubes decreases to maintain the accuracy of the MoM
solver.
Since two separate level sets, representing the surfaces of two
different materials, are propagating inside the computational
domain, they may have overlapped regions during the inversion
process. In these overlapped regions, which do not have any
physical meaning and invalidate the forward solver, we made
the assumption to use the material with the higher dielectric
constant.

III. N UMERICAL R ESULTS
A. Single Material
In the first example, the reconstruction of two lossy dielectric
objects is presented in Figs. 2 and 3 with both objects centered
at the origin. A dielectric torus, in the xy-plane, has radius of
7 cm measured from the origin to the center of the tube. The
radius of the tube is 2 cm. A cylinder, with axis aligned in
the z-direction, has radius 2.5 cm and of length 10 cm. Both
objects are made of the same material with relative permittivity
of εr = 4.5 and loss tangent tan(δ) = 0.0111. The initial guess
is chosen to be a sphere of radius 10 cm centered at (20 cm,

0, 0) as shown in Fig. 3. Twenty six incident plane waves
with the theta-polarization illuminate the objects. The scattering
data are collected at 26 directions per incident direction. The
incident and scattering directions are uniformly distributed with
steps Δθ = Δφ = π/4. Three frequencies of f1 = 500 MHz,
f2 = 1 GHz, and f3 = 2 GHz are employed in the frequency
hopping scheme.
The normalized cost function, representing the reconstruction error, is plotted in log-scale in Fig. 2. The first frequency
f1 = 500 MHz is used to find the position of the objects. The
cost function shows some fluctuations at some frequencies that
could be decreased upon increasing the resolution of the domain. It is observed that these fluctuations do not considerably
affect the final results as shown in Fig. 3.
The reconstruction results of the two objects are shown in
Fig. 3(a)–(d) at different iteration numbers. The blue transparent mesh (grey) shows the evolving surface, while the filled
red objects (dark) show the true ones as marked in Fig. 3(a).
The final results demonstrate satisfactory reconstructions
of the two objects after 8000 iterations, as shown in Fig. 3(d).
The algorithm is executed on a single AMD Opteron (tm)
Processor 280 working at 2.4 GHz with 8 GB of RAM. The
CPU time was ∼48 h in this case. As an additional metric to
the cost function, the areas of the triangles of the reconstructed
surfaces are summed up to compute the total surface areas
of object. The error function in the surface area is defined
by (AR − AT )/AT , where AR and AT represent the surface
areas of the reconstructed and the true objects, respectively. The
surface area of the reconstructed profile at the final iteration is
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TABLE I
T HE S URFACE A REA E RROR F UNCTION FOR D IFFERENT C ASES AT THE F INAL I TERATION

Fig. 4. (a) Multimonostatic configurations. (b) Cost function of the multimonostatic reconstruction of dielectric cone using 200 MHz, 500 MHz, 1 GHz in the
frequency hopping scheme. (c) Level set reconstruction of dielectric cone in x–y–z, y–z, and x–y views.

∼ AR = 764 cm2 , which shows ∼2% error with respect to the
true object.
The algorithm is also tested on other targets of single
material; cone with εr = 6.5, and ellipsoid with εr = 2.2.
Good reconstruction results were obtained (not presented
here).

B. Effect of Inaccurate Knowledge of Targets Permittivity
The result in Fig. 3(c) is based on the assumption that the targets’ permittivity was a priori known. We tested the algorithm
using estimations of the permittivity with some percentage
of uncertainties. The examined cases have the range ±10%–
±20% errors in the permittivity (i.e., εr = 4.05, εr = 4.95) and
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Fig. 5. Reconstruction of the ellipsoid and the cube after different iteration numbers. (a) Initial guess. (b) After 2000 iterations at 0.5 GHz. (c) After 4000
iterations at 0.5 GHz. (d) After 12 000 iterations at 2 GHz.

(i.e., εr = 3.6, εr = 5.4), respectively. The same loss tangent
of tan(δ) = 0.0111 is used for all cases. The reconstruction
results, not presented here, showed that the position of the targets and their general profiles were successfully retrieved with
insignificant differences compared with Fig. 3(c). The errors in
the surface areas for the cases of εr = 4.05 and εr = 4.95 are
found to be ∼5.2% and ∼5.01%, respectively. The errors in the
surface areas for the cases of εr = 3.6 and εr = 5.4 are found
to be ∼14.96% and ∼6.7%, respectively. The obtained results
demonstrate the robustness of the level set algorithm even with
such uncertain knowledge of the objects’ permittivity.
C. Reconstruction Using Limited View Data
Fig. 6. Normalized cost function for the ellipsoid and the cube of Fig. 5.

One of the advantages of the optimization techniques, such
as the level set method, is the capability of producing better
reconstruction results when a limited number of the incident
and measurement data is available. To investigate this factor,
the case in Fig. 3 is repeated using only 17 incident waves and
17 measurement directions per incidence instead of 26 incident
waves and 26 measurement directions per incidence used in
Fig. 3. Instead of collecting the data from around the target, the
incident and scattered waves are located and collected in the far
zone at z > 0 with angular steps of π/4 in both the azimuth
and the elevation angles. There are no transmitters or receivers
located at z < 0. This limited view configuration represents
∼57% reduction in the number of data compared with the
complete view data of Fig. 3. The reconstruction results look
similar to Fig. 3 with insignificant error of ∼3.1% in the surface
area versus ∼2% when utilized the original full data of Fig. 3.
Table I shows the error analysis of all the cases considered in
this work.

As demonstrated here and in other works [37], the level set
method is capable of reconstructing the shapes of the unknown
objects using limited view data; however, the algorithm requires collecting data at multiple receivers at the same time,
including the receiver located at the transmitter position. When
the number of receivers per transmitter was decreased, the
reconstruction error increased, and the reconstructed shape was
degraded. For example, in the single monostatic case, only one
receiver is assigned per transmitter and only one transmitter
is utilized; therefore, we anticipate the level set algorithm to
fail in providing accurate shape reconstruction results. On the
other hand, the level set proved capability when synthetic multibistatic data was collected for objects hidden behind a wall [38].
The multimonostatic configuration represents another type
of limited data where only one receiver is assigned per each
transmitter, but multiple pairs can be utilized to increase the
total number of useful data. The multimonostatic configuration
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Fig. 7. Reconstruction of the two ellipsoids after different iteration numbers. (a) Initial guess. (b) After 12 000 iterations at 2 GHz.

of a dielectric cone with relative permittivity of 4.5 and loss
tangent of 0.011 is presented on Fig. 4. The cone is centered
at the origin with its upper and lower circles having radii of
4 cm and 8 cm, respectively, and a height of 8 cm. In this
case, angular steps of π/8 are used in both the azimuth and
the elevation angles leading to generate 114 pairs of wave
incident and receiving directions. Three frequencies are used in
the hopping schemes as 200 MHz, 500 MHz, and 1 GHz. The
initial guess is a sphere of radius 10 cm centered at the origin.
Fig. 4(a) shows the multimonostatic configuration, Fig. 4(b)
shows the cost function, and Fig. 4(c) shows the three views of
the reconstructed cone. The level set algorithm required ∼18 h
CPU time in this case. The observed fluctuations in the cost
function can be improved through increasing the resolution
of the level set algorithm but on the expense of increasing
the required CPU time as will be discussed at the end of this
section. Although the true shape in Fig. 4 was simpler than that
in Fig. 3, as anticipated, an increase in the incident directions
was needed to become 114 in Fig. 4 versus 26 in Fig. 3.
D. Two Objects Made of Two Materials
In the second example, the reconstruction of two objects
with different permittivities is presented in Fig. 5. The objects
are a dielectric ellipsoid with the permittivity of εr1 = 5.0 and
loss tangent of tan(δ1 ) = 0.001 and a dielectric cube with the
permittivity εr2 = 2.2 and the same loss tangent. The ellipsoid,
centered at (10 cm, 0, 20 cm), has the equatorial radii along
the y- and the z-axes as a = b = 3 cm, respectively, and the
polar radius along the x-axis as c = 8 cm. The 8-cm size cube
is centered at (−10 cm, 0, 20 cm). Since the true objects are
made of two different materials, two separate initial guesses
are chosen for the level set functions [22]. The initial guess
of the first level set function, corresponding to the material
of permittivity εr1 = 5.0, is a sphere with radius 10 cm,
centered at (10 cm, 0, 0). The initial guess of the second
level set function, corresponding to the material of permittivity
εr2 = 2.2, is a sphere with radius 10 cm also but centered at
(−10 cm, 0, 0). The two level set functions are independently
updated using the Hamilton–Jacobi equation (4). However, the
calculation of the cost function and the deformation velocities

Fig. 8.
Fig. 7.

Normalized cost function for reconstruction of the two ellipsoids of

involve the interactions between the two objects. The hopping
frequencies and the incident and scattering directions are the
same as the previous example. The reconstruction results are
shown in Fig. 5(a)–(d). The initial sphere, corresponding to the
material εr1 = 5.0, is shown in blue color and marked as (I1 ),
while the initial sphere, corresponding to the material εr2 =
2.2, is shown in cyan color and marked as (I2 ) in Fig. 5(a). The
true targets are market as (T1 ) and (T2 ) in Fig. 5(a). The results
in Fig. 5(a)–(d) demonstrate the capability of the algorithm to
successfully retrieve the two objects. Note that each level set
function evolves to the object of the same material as the initial
guess. In the configuration of this example, each initial sphere
is placed, on purpose, closer to the target of the same material.
The cost function is shown in Fig. 6.
In this case, the surface area of the reconstructed targets is
obtained AR = 611.1 cm2 which shows ∼3.5% error compared
with the total surface area of the true targets (see Table I). When
the algorithm is tested on this configuration, using the limited
view data, 0 < θ < (π/2) and 0 < φ < 2π, the surface area
of the reconstructed targets becomes AR = 613.8 cm2 which
shows ∼3% error compared with the total surface area of the
actual targets (see Table I).
The algorithm is also tested in this example when the locations of the initial spheres, (I1 ) and (I2 ), are switched with each
other (results are not shown here). In this case, (I1 ) is placed
closer to (T2 ), and (I2 ) is placed closer to (T1 ). The results
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Fig. 9. Reconstruction of the three ellipsoids at different iteration numbers. (a) Initial guesses. (b) After 2000 iterations at 0.5 GHz. (c) After 4000 iterations at
0.5 GHz. (d) After 12 000 iterations at 2 GHz.

showed that the initial sphere with the higher permittivity (I1 )
evolved to the position of the cube (T2 ) but demonstrating a
smaller reconstructed size compared to the true cube. On the
other hand, the initial sphere with the lower permittivity (I2 )
evolved to the position of the ellipsoid (T1 ) demonstrating a
larger size compared to the true ellipsoid. The cost function,
also not shown here, did not demonstrate as good conversion
as that of Fig. 6. In this example, the obtained surface area of
the reconstructed targets for this case is AR = 677.4 cm2 which
shows ∼6.9% error compared with the surface area of the actual
targets (see Table I). In this paper, the higher permittivity of the
evolving objects is assigned to the overlapped region to assure
more accurate results similar to Fig. 5.
Another example is shown in Fig. 7 where a symmetric
configuration of the two ellipsoids with different permittivity
values placed at the same distances from the two initial spheres.
The two ellipsoids have dimensions of a = b = 3 cm and
c = 8 cm and are aligned in x-direction. The first ellipsoid
has εr1 = 5.0 and is centered at (0, 0, 20 cm). The second
ellipsoid has εr2 = 2.2 and is centered at (0, 0, −20 cm). The
initial sphere and the target of εr = 5 are marked as (I1 ) and
(T1 ), respectively. The initial sphere and the target of εr =
2.2 are marked as (I2 ) and (T2 ), respectively. The employed
frequencies and the incident and scattering configuration are the
same as in the previous examples. The reconstruction results
are shown in Fig. 7(a) and (b), only at the initial and the
final iterations, respectively. The cost function is shown in
Fig. 8.

Fig. 10. Normalized cost function for the three ellipsoids in Fig. 9.

In this case, the calculated surface area of the reconstructed
targets is AR = 507.13 cm2 which shows ∼1.6% error compared with the actual targets. According to the reconstructed
profile in Fig. 7(b), each initial sphere evolves to the ellipsoid
of the same material. However, a small ghost object is shown
even after about 12 000 iterations. A good reconstruction of the
two objects is clearly demonstrated in this example.
If some information about the targets locations is a priori
known, the initial spheres could be placed close to the targets,
to avoid very large number of iterations. Also, it is possible to
combine the level set techniques with other methods to obtain
an estimate of the target’s location.
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Fig. 11. Reconstruction of the ellipsoid and the cube using noisy data after 2500 iterations at 2 GHz. (a) With SNR = 15 dB. (b) With SNR = 10 dB.

E. Three Objects Made of Two Materials
The algorithm is tested to reconstruct three objects made of
two different dielectric materials as shown in Fig. 9. The objects
are all ellipsoids with the same dimensions of a = b = 3 cm
and c = 8 cm. Two ellipsoids have εr1 = 5.0 and are centered
at (10 cm, 0, 20 cm) and (0, 0, 25 cm), respectively. The third
ellipsoid has εr2 = 2.2 is centered at (−10 cm, 0, 20 cm). The
first and the second ellipsoids, (T1 ) and (T2 ), are aligned in
the y- and x-directions, respectively. The third ellipsoid, with
the lower permittivity (T3 ) is aligned in the y-direction. The
location of the initial spheres, (I1 ) and (I2 ) and the targets,
(T1 ), (T2 ), and (T3 ), are shown in Fig. 9(a). In this example,
the algorithm runs up to 12 000 iterations. The reconstruction
results and the normalized cost function results are shown in
Figs. 9 and 10, respectively. The results in Fig. 9(d) show that
the first level set function for εr1 = 5.0 successfully breaks and
evolves to the two ellipsoids of the same material. The second
level set function, corresponding to εr2 = 2.2 evolves to the
ellipsoid of the same material. The calculated surface area of the
reconstructed targets is AR = 773 cm2 which shows ∼3.26%
error compared with the actual targets.

F. Using Corrupted Data With Gaussian Noise
The synthetic data of example 2 for the ellipsoid and the
cube is corrupted using Gaussian noise with signal-to-noise
ratio (SNR) of 15 and 10 dB, respectively. The final retrieved
profile using SNR = 15 dB is shown in Fig. 11(a), and the final
retrieved profile using SNR = 10 dB is shown in Fig. 11(b).
As expected, noisy data of SNR = 15 dB produces relatively
better results compared to the case of SNR = 10 dB. In both
cases, the locations of objects are successfully retrieved. The
presented results demonstrate the robustness of the level set
algorithm even with corrupted noisy data of SNR = 10 dB.
The corresponding surface area errors for the SNR = 10 dB
and SNR = 15 cases are ∼23% and ∼7%, respectively (see
Table I).
Note that the results of Fig. 12 represent the cost function,
i.e., the mismatch between the synthetic and the simulated
data. The plots show three cases; no noise, SNR = 10 dB, and
SNR = 15 dB. These results, despite the fluctuations in the
cost functions, demonstrate that the algorithm converges as the

Fig. 12. Normalized cost function versus the iteration number when noisy
data is used.

number of iterations is sufficiently increased. It is important
to note that the metric error shown in Fig. 13 represents the
error in the surface area, i.e., the difference between the surface
area of the true and the evolved targets. The results show that
error in the surface areas decreases with respect to the inversion
iterations up to 8000 iterations.
We observed that the fluctuations in the cost function increase as the frequency increases, but they can be minimized
upon increasing the resolution in the computational domain,
with a trade off with the required CPU time. We have tested the
resolution issue in other works at much higher frequencies, and
we were able to decrease the amplitudes of these fluctuations
upon increasing the resolution.
As expected, the results in Figs. 12 and 13 show larger
error for the data with SNR = 10 dB compared with the other
cases. The error function decreases with sufficient increase in
the number of iterations. The noisy data shows degradation in
the shape reconstruction compared with the noiseless data. It is
observed that the errors in the surface areas (Fig. 13) are larger
than those in the cost functions (Fig. 12), also see Table I.
It should be noted that the cost functions are plotted in
logarithmic scale and they are decreasing in all shown figures.
Upon increasing the total number of iterations, we observed
that the error functions decreased even more. Upon decreasing the time steps and consequently using higher resolution
in the computational domain, the amplitude of the observed
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Fig. 13. Error in surface area versus the iteration number.

fluctuations in the cost functions was decreased. The jumps in
the cost functions occur when the algorithm hops to a higher
frequency. The cost function is normalized only with respect to
the measurement data at the same frequency.
Based on our experience with the level set methods, the
evolution of the algorithm is controlled through the selection
of the time step, the frequencies in the frequency hopping
scheme, the resolution of the computational domain, and the
number of incidence and measurement directions. In most of
the presented cases in the microwave range, we also observed
that these factors have similar values, which is not the case
at much higher frequencies. The level set algorithm converged
in all cases considered in all our 2-D and 3-D work when the
frequency range was few gigahertz [37].
IV. C ONCLUSION
This work presented a level set algorithm used to reconstruct
the shape and location of multiple dielectric objects. Two different lossy materials were considered in this work that required
two level set functions propagating independently using the
Hamilton–Jacobi equation. The calculation of the deformation
velocity and the cost function involved the overall system
of objects and their materials at all incident and scattering
directions. The cost function is minimized at a single frequency
then the algorithm hops to the next frequency trying to avoid
dropping in local minima. The surface area of the reconstructed
configuration was calculated as an additional metric to evaluate
the performance of the algorithm. The algorithm showed very
reasonable accuracy even with the uncertain knowledge of the
objects’ materials.
The experimental Fresnel data [15] was tested using the
presented level set algorithm. The preliminary results need to
be further improved upon. Our experimental data were tested
using the algorithm, and a cross section of 2-D PEC objects
was reconstructed [31], [32].
R EFERENCES
[1] R. Solimene, A. Buonanno, F. Soldovieri, and R. Pierri, “Physical optics
imaging of 3-D PEC objects: Vector and multipolarized approaches,”
IEEE Trans. Geosci. Remote Sens., vol. 48, no. 4, pp. 1799–1808,
Apr. 2010.

85

[2] A. Brancaccio and G. Leone, “Multimonostatic shape reconstruction of
two-dimensional dielectric cylinders by a Kirchhoff-based approach,”
IEEE Trans. Geosci. Remote Sens., vol. 48, no. 8, pp. 3152–3161,
Aug. 2010.
[3] N. Naik, J. Eriksson, P. de Groen, and H. Sahli, “A nonlinear iterative
reconstruction and analysis approach to shape-based approximate electromagnetic tomography,” IEEE Trans. Geosci. Remote Sens., vol. 46, no. 5,
pp. 1558–1574, May 2008.
[4] I. T. Rekanos, “Shape reconstruction of perfectly conducting scatterer using differential evolution and particle swarm optimization,” IEEE Trans.
Geosci. Remote Sens., vol. 46, no. 7, pp. 1967–1974, Jul. 2008.
[5] M. Donelli, D. Franceschini, P. Rocca, and A. Massa, “Three-dimensional
microwave imaging problems solved through an efficient multiscaling
particle swarm optimization,” IEEE Trans. Geosci. Remote Sens., vol. 47,
no. 5, pp. 1467–1481, May 2009.
[6] M. El-Shenawee and E. Miller, “Spherical harmonics microwave algorithm for shape and location reconstruction of breast cancer tumor,” IEEE
Trans. Med. Imag., vol. 25, no. 10, pp. 1258–1271, Oct. 2006.
[7] M. El-Shenawee, O. Dorn, and M. Moscoso, “An adjoint-field technique
for shape reconstruction of 3-D penetrable object immersed in lossy
medium,” IEEE Trans. Antennas Propag., vol. 57, no. 2, pp. 520–534,
Feb. 2009.
[8] C. Yu, M. Yuan, J. Stang, E. Bresslour, R. T. George, G. A. Ybarra,
W. T. Joines, and Q. H. Liu, “Active microwave imaging II3-D system
prototype and image reconstruction from experimental data,” IEEE Trans.
Microw. Theory Tech., vol. 56, no. 4, pp. 991–1000, Apr. 2008.
[9] T. Rubk, P. M. Meaney, P. Meincke, and K. D. Paulsen, “Nonlinear
microwave imaging for breast-cancer screening using Gauss-Newtons
method and the CGLS inversion algorithm,” IEEE Trans. Antennas
Propag., vol. 55, no. 8, pp. 2320–2331, Aug. 2007.
[10] A. E. Bulyshev, A. E. Souvorov, S. Y. Semenov, V. G. Posukh, and
Y. E. Sizov, “Three-dimensional vector microwave tomography: The
theory and computational experiments,” Inverse Probl., vol. 20, no. 4,
pp. 1239–1259, Aug. 2004.
[11] J. De Zaeytijd, A. Franchois, C. Eyraud, and J.-M. Geffrin, “Full-wave
three-dimensional microwave imaging with a regularized gauss-newton
method—Theory and experiment,” IEEE Trans. Antennas Propag.,
vol. 55, no. 11, pp. 3279–3292, Nov. 2007.
[12] A. Abubakar and T. M. Habashy, “Multiplicative regularized GaussNewton approach for three-dimensional microwave imaging,” in Proc.
Microw. Symp. Dig., 2010, pp. 1596–1599.
[13] A. Abubakar, P. M. van den Berg, and J. J. Mallorqui, “Imaging
of biomedical data using a multiplicative regularized contrast source
inversion method,” IEEE Trans. Microw. Theory Tech., vol. 50, no. 7,
pp. 1761–1771, Jul. 2002.
[14] S. Y. Semenov, A. E. Bulyshev, A. Abubakar, V. G. Posukh, Y. E. Sizov,
A. E. Souvorov, P. M. van den Berg, and T. C. Williams, “Microwave
tomographic imaging of the high dielectric contrast objects using different
image reconstruction approaches,” IEEE Trans. Microw. Theory Tech.,
vol. 53, no. 7, pp. 2284–2294, Jul. 2005.
[15] I. Catapano, L. Crocco, M. D’ Urso, and T. Isernia, “3D microwave
imaging via preliminary support reconstruction testing on the Fresnel
2008 database,” Inverse Probl., vol. 25, no. 2, p. 024 002, Feb. 2009.
[16] A. T. Vouldis, C. N. Kechribaris, T. A. Maniatis, K. S. Nikita, and
N. K. Uzunoglu, “Investigating the enhancement of three-dimensional
diffraction tomography by using multiple illumination planes,” J. Opt.
Soc. Amer., vol. 22, no. 7, pp. 1251–1262, Jul. 2005.
[17] R. Solimene, F. Soldovieri, G. Prisco, and R. Pierri, “Three-dimensional
through-wall imaging under ambiguous wall parameters,” IEEE Trans.
Geosci. Remote Sens., vol. 47, no. 5, pp. 1310–1317, May 2009.
[18] D. Colton, H. Haddar, and M. Piana, “The linear sampling method in
inverse electromagnetic scattering theory,” Inverse Probl., vol. 19, no. 6,
pp. 105–137, Dec. 2003.
[19] I. Catapano, L. Crocco, and T. Isernia, “On simple methods for shape
reconstruction of unknown scatterers,” IEEE Trans. Antennas Propag.,
vol. 55, no. 5, pp. 1431–1436, May 2007.
[20] I. Catapano, L. Crocco, and T. Isernia, “Improved sampling methods for
shape reconstruction of 3-D buried targets,” IEEE Trans. Geosci. Remote
Sens., vol. 46, no. 10, pp. 3265–3273, Oct. 2008.
[21] M. Brignone, G. Bozza, A. Randazzo, M. Piana, and M. Pastorino, “A
hybrid approach to 3D microwave imaging by using linear sampling and
ACO,” IEEE Trans. Antennas Propag., vol. 56, no. 10, pp. 3224–3232,
Oct. 2008.
[22] A. Litman, “Reconstruction by level sets of n-ary scattering obstacles,”
Inverse Probl., vol. 21, no. 6, pp. S131–S152, Dec. 2005.
[23] J. A. Sethian, Level Set Methods and Fast Marching Methods.
Cambridge, U.K.: Cambridge Univ. Press, 1999.

86

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 50, NO. 1, JANUARY 2012

[24] O. Dorn and D. Lesselier, “Level set methods for inverse scattering,”
Inverse Probl., vol. 22, no. 4, pp. R67–R131, Aug. 2006.
[25] O. Dorn and D. Lesselier, “Level set methods for inverse scattering—
Some recent developments,” Inverse Probl., vol. 25, no. 12, pp. 125 0011–125 001-11, Dec. 2009.
[26] M. Schweiger, O. Dorn, and S. R. Arridge, “3-D shape and contrast
reconstruction in optical tomography with level sets,” J. Phys. Conf. Ser.,
vol. 124, no. 1, p. 012 043, Aug. 2008.
[27] M. Schweiger, O. Dorn, A. Zacharopoulos, I. Nissila, and S. R. Arridge,
“3D level set reconstruction of model and experimental data in diffuse
optical tomography,” Opt. Exp., vol. 18, no. 1, pp. 150–164, Jan. 2010.
[28] M. R. Hajihashemi and M. El-Shenawee, “ T E versus T M for the shape
reconstruction of 2-D PEC targets using the level-set algorithm,” IEEE
Trans. Geosci. Remote Sens., vol. 48, no. 3, pp. 1159–1168, Mar. 2010.
[29] M. Benedetti, D. Lesselier, M. Lambert, and A. Massa, “Multiple-shape
reconstruction by means of multiregion level sets,” IEEE Trans. Geosci.
Remote Sens., vol. 48, no. 5, pp. 2330–2342, May 2010.
[30] K. Umashankar, “Electromagnetic scattering by arbitrary shaped
three-dimensional homogeneous lossy dielectric objects,” IEEE Trans.
Antennas Propag., vol. AP-34, no. 6, pp. 758–766, Jun. 1986.
[31] A. Hassan, M. Hajihashemi, M. El-Shenawee, A. Al-Zoubi, and A. Kishk,
“Drift de-noising of experimental T E measurements for imaging of
2D PEC cylinder using the level set algorithm,” IEEE Antennas Wirel.
Propag. Lett., vol. 8, pp. 1218–1222, Aug. 2009.
[32] D. A. Woten, M. R. Hajihashemi, A. M. Hassan, and M. El-Shenawee,
“Experimental microwave validation of the level-set reconstruction algorithm,” IEEE Trans. Antennas Propag., vol. 58, no. 1, pp. 230–233,
Jan. 2010.
[33] A. Roger, “Reciprocity theorem applied to the computation of functional
derivatives of the scattering matrix,” Electromagnetics, vol. 2, no. 1,
pp. 69–83, 1982.
[34] I. T. Rekanos and T. D. Tsiboukis, “A finite element-based technique for
microwave imaging of two-dimensional objects,” IEEE Trans. Instrumen.
Meas., vol. 49, no. 2, pp. 234–239, Apr. 2000.
[35] G. A. Hansen, R. W. Douglass, and A. Zardecki, Mesh Enhancement.
London, U.K.: Imperial College Press, 2005, p. 404.
[36] W. E. Lorensen and H. E. Cline, “Marching cubes a high resolution
3D surface construction algorithm,” Comput. Graph., vol. 21, no. 4,
pp. 163–169, Jul. 1987.
[37] M. R. Hajihashemi, “Inverse scattering level set algorithm for retrieving
the shape and location of multiple targets,” Ph.D. dissertation, Univ.
Arkansas, Fayetteville, AR, 2010.
[38] M. R. Hajihashemi and M. El-Shenawee, “The level set shape reconstruction algorithm applied to 2D PEC targets hidden behind a wall,” Progr.
Electromagn. Res. B, vol. 25, pp. 131–154, 2010.

Mohammad Reza Hajihashemi (M’07) received
the B.Sc. degree in electrical engineering from the
Isfahan University of Technology, Isfahan, Iran, in
2001, the M.Sc. degree in electrical engineering from
Shiraz University, Shiraz, Iran, in 2004, and the
Ph.D. degree in electrical engineering from University of Arkansas, Fayetteville, in 2010.
As of August 2010, He is a Postdoctoral Associate
with University of Florida, Gainesville. His main
research interests include inverse electromagnetic
scattering, microwave, and antennas.
Dr. Hajihashemi is a member of Sigma Xi societies.

Magda El-Shenawee (M’91–SM’02) received the
Ph.D. degree in electrical engineering from the University of Nebraska, Lincoln, in 1991.
After obtaining her Ph.D., she joined the Center
for Electro-Optics as a Research Associate from
1992 to 1994, focusing on the enhanced backscatter
phenomenon from random rough ground surfaces.
She furthered her research at the National Research
Center, Cairo, Egypt, from 1994 to 1996, then at the
University of Illinois at Urbana-Champaign, Urbana,
from 1997 to 1999. Directly before joining the University of Arkansas faculty, she served as a member of the Multidisciplinary
University Research Initiative team working on the antipersonnel landmine
detection at Northeastern University, Boston, MA, from 1999 to 2001. She
is a Professor of electrical engineering with the University of Arkansas,
Fayetteville, where she joined as an Assistant Professor in 2001. Her area
of expertise is computational electromagnetics. Her current research interests
involve biomedical engineering application to breast cancer research using
biopotentials, biomagnetics, biological tumor growth modeling, and microwave
imaging algorithms of breast cancer.
Dr. El-Shenawee is a member of Eta Kappa Nu electrical engineering honor
society.

