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An Adjoint-Field Technique for Shape Reconstruction
of 3-D Penetrable Object Immersed in Lossy Medium
Magda El-Shenawee, Member, IEEE, Oliver Dorn, Member, IEEE, and Miguel Moscoso

Abstract—An inversion algorithm is presented that is based on
hybridization of the adjoint scheme for calculating gradient directions with the method of moments. The goal is to reconstruct the
shapes of 3-D objects immersed in a lossy medium. The irregular
shape of the reference object is modeled by a representation with
spherical harmonics functions, whereas during the reconstruction,
individual surface nodes are updated. In the adjoint scheme, gradient directions for the least squares data misfit cost functional are
calculated by solving the forward problem twice in each iteration,
regardless of the number of spherical harmonics parameters used
in the reference model or the number of surface nodes used for the
discretization of the shapes. The numerical results show that implementing the well known frequency hopping technique helps the
algorithm avoid dropping in local minima.
Index Terms—Adjoint scheme, inverse problem, method of
moments, microwave imaging, shape reconstruction, spherical
harmonics.

I. INTRODUCTION

M

ICROWAVE imaging techniques have been the focus of
research interest in a variety of geophysical, industrial,
defense and medical applications [1]–[8]. Shape reconstruction
of objects with irregular boundaries in three spatial dimensions
(3-D) has shown great potential in several of these applications
since additional information can be retrieved from a correct estimation of the shapes. A potentially promising application of
shape reconstruction is tumors classification [9].
In general, microwave imaging techniques use electromagnetic data scattered from the target and attempt to infer
information about some of their characteristics such as shapes,
locations, and electrical properties. In most of these applications, microwave imaging can be treated as a nonlinear inverse
problem for electromagnetic wave propagation.
The main focus of this work is the shape reconstruction of
3-D dielectric objects immersed in a lossy medium.
A major challenge of reconstructing the shape of 3-D objects
by gradient based techniques is the intensive computational requirement for calculating the gradient of a given cost functional
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Fig. 1. The mechanism of forward and backward waves of the adjoint-fields
scheme.

(e.g., the squared mismatch between predicted and measured
data in some norm).
One approach is to discretize the domain that contains the
object into volumetric pixels (voxels) and retrieve the permittivity and the conductivity at each voxel. This represents a
pixel/voxel-based reconstruction technique [5]. Usually, these
techniques employ regularization strategies in order to stabilize the reconstruction, which, however, typically have the effect of over-smoothing the reconstructed images. Another approach is to parameterize the unknowns of the inverse problem
and to cast the problem as an optimization one by solving for the
unknown coefficients of the parameterization [3], [7]. Parameter-based algorithms, which use only a small number of coefficients for reasonably representing a given irregular shape and
location, are computationally less expensive compared with 3-D
pixel/voxel-based algorithms. Also they offer the advantage of
representing an intrinsically regularized inversion scheme due
to the small number of unknowns. The disadvantage is that their
reconstructions are limited to objects which can be represented
by the used parameterization. The advantage of the proposed
technique lies in its capability of reconstructing irregular shapes
without a priori assumption of the number of parameters used
to model the object.
In the above mentioned algorithms, a numerical calculation of
the gradient of a cost functional is required [3], [7] (we mention,
however, that an alternative evolution strategy [10], where no
explicit gradient was calculated). In general direct schemes for
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Fig. 2. (a) Deformation of the surface in normal directions, (b) the MoM surface triangular patches showing nodes and neighboring patches. Normal gradients to
each patch p is presented by F (p ) and the electric and magnetic surface currents are presented by J and M , respectively.

calculating gradient directions, it is necessary to solve the forward scattering problem several times depending on the number
of parameters (or pixel/voxel) used in the model [5], [7].
The current work calculates the gradient using an adjoint
scheme to update the individual surface nodes based on the direction of the gradient. The main advantage of using an adjoint
scheme for evaluating the gradient is that only two solutions of
the forward scattering problems are needed, regardless of the
level of irregularity of the shapes.
The novelty of the proposed scheme is that it is neither based
on a parameterized model nor on a pixel/voxel representation as
it uses a direct evolution of surface nodes. For moving the individual nodes, the adjoint scheme is combined with the surface
integral equation where the method of moments (MoM) is used
as the forward solver.
We stress here that the proposed reconstruction scheme employs a gradient based algorithm. This is a local scope search
method where, as in any other Newton-type algorithm, convergence is only guaranteed for close enough initial guesses.
If the initial guess is far from the real solution it may drop in
a local minimum. Nevertheless, implementing the well known
frequency hopping technique helps avoid these local minima
[11]–[14]. There are also global optimization strategies that aim
to find the globally optimal solution; however, they are usually
computationally very expensive and they are out of the scope of
the current work.
The remainder of this paper is organized as follows. In
Section II, the formulation of the adjoint scheme will be discussed. The numerical results of reconstructing the shape of
an object immersed in a lossy medium will be presented in
Section III. Discussions and concluding remarks will be given
in the final Section IV.

(1b)
. In these equations is the angular frequency
where
, , and
are
of the incident plane wave, and
the permittivity, conductivity and permeability of the medium,
respectively, see Fig. 1. The position vector at each surface node
(see Fig. 2).
of the object is
We assume that a lossy object is immersed in a lossy background medium. The total fields in the medium can be written
as
(2a)
(2b)
and
are the incident electric and magnetic
where
and
are the scattered elecfields, respectively, and
tric and magnetic fields, respectively.
Let us now assume that there are receivers at locations
,
. In this work the focus will be on receiving
far fields. However, the formulations can be easily modified to
suit any other types of waves if the received fields can be used
as artificial sources to excite the target in the back-propagation
step, when solving the adjoint problem (see the fourth block in
Fig. 3). At these receiver positions, the scattered electric fields
are obtained as
(3)
where and are the unit vectors for and , respectively. With
this, the linear measurement operators
are defined as
(4)

II. FORMULATIONS
A. Scattered and Adjoint Fields
For simplicity, we consider here plane wave illumination
[15]–[17]. We note, however, that the presented technique is
not limited to these specific sources. The three-dimensional
, are
Maxwell’s equations in a domain

which measure the localized scattered far fields at a given receiver location . The indices , , represent the measureincident wave at the
frequency and the
ments due to the
receiver. With this notation, we define the least squares cost
functional as

(1a)
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Fig. 3. The adjoint-fields algorithm.

with

(5b)
for the object
where refers to the medium parameters, as
for the background [see (6)]. The linear operator
and
(4) represents the measurements due to the
incident wave at
frequency. The quantity
is the residual operator
the
(i.e., the mismatch between the measured and predicted data as
denotes the
modeled by ) for indices and . The quantity
corresponding physically measured true data.
In the shape inverse problem, we assume that
for
for

(6)

where represents the domain of the object. The current shape
will be deformed by a vector
. Each point
,
of
where is the boundary of , will be displaced according to
(7)
When deforming the current shape of , the fields and the least
squares cost functional (5a) will change. The vector field
will be obtained such that
is reduced by the corresponding
deformation. It has been shown in [18] that the deformation of
by a sufficiently small vector field
the boundary
gives rise to a change in the cost functional

(8)
where
denotes the formal adjoint operator of the lin, and
denotes the complex
earized residual operator
conjugate. In (8), “Re” indicates the real part of the given quantity, and the outside normal unit vector to the boundary at

. Therefore, it is sufficient to find
point is represented by
in the normal direction to the
a vector field
boundary which points into a descent direction of the cost func. We can choose
as
tional
(9)
for a sufficiently small positive step size
. Plugging
into (8) shows that the cost functional is reduced (i.e.,
).
In the following we state a result that gives us a tool to calcuefficiently by a so-called
late the expressions
adjoint scheme in each iteration. Its mathematical derivations
are completely analogous to that one given in [18] such that we
omit detailed derivations here for brevity.
and
be the solution of the following adjoint
Let
system of Maxwell’s equations
(10a)
(10b)
where
ator
,

denotes the formal adjoint of the measurement oper. Its application amounts to putting the argument, here
, as artificial adjoint sources at the receiver locations
. Then we have
(11)

where
is the solution to (1) due to the
incident wave and at the
frequency, and
is the soin each itlution to (10). The computation of
eration requires solving just one forward problem (1) and one
adjoint problem (10) for a given incident wave index and at
a frequency index . From these two calculations, the displaceis obtained using (7), (9)
ment for all boundary nodes
is reduced by this
and (11); such that the cost functional
. The proposed algorithm will
deformation of the boundary
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Fig. 4. Shapes considered in this work: (a) sphere, (b) acorn-like shape 1, (c) acorn-like shape 2, (d) super shape 1, (e) super shape 2.

iterate over the source index and the frequency index
cyclic manner, as will be described further below.

in a

Once the steepest descent gradient directions are calculated in
each step using (9)–(12), the object’s surface nodes are updated
following (7) as

B. Inversion Algorithm

(13)

The main idea of using the adjoint scheme is to avoid solving
the forward problem many times per iteration especially in the
3-D case. The configuration in Fig. 1 shows the incident waves
from transmitter (forward solid arrows), the scattered waves
from the object (reversed solid arrows) and the back-propagated
waves from the receiver to the object (dotted-arrows).
As known, the MoM forward solver is used to calculate the
electric and magnetic surface current densities on the object on
the surface discretization into triangular patches as shown in
Fig. 2 [7]. These currents are used to calculate the synthetically
measured electric fields at all receivers . Irregular synthetic
objects are generated using the spherical harmonics representations (see Appendix A).
and
need to be
In (11), the electric fields
calculated on the surface of the object. This can be accomplished using the magnetic and electric surface currents through
and
, where
repreis the complex permittivity of
sents the object’s surface and
the background medium [7]. In this case, (11) can be rewritten
as

is the expression given in (9), with represents the
where
gradient direction at each surface node. From (5), the total cost
function , to be minimized, is given by
(14)
where , , and represent the total number of frequencies,
the total number of receivers, and the total number of polarizations of the received fields, respectively. In this work, the total
number of transmitters is also , and they are located at the same
positions as the receivers. The synthetic measurements and
the simulated fields received from the updated object’s surface
and
, respectively.
in each iteration are denoted by
We will show results when the mismatch is summed over
one frequency at a time upon implementing the conventional
frequency hopping scheme [11]–[14]. The frequency hopping
strategy takes the reconstructed surface from one frequency as
the initial guess for the next frequency.
In order to improve the stability of the reconstruction process,
we implement a regularization using a smoothing factor . The
scheme is based on applying a localized averaging process as

(12)

(15)

where
and
are the current solutions of the forward
and
are the solutions of the adscattering problem and
joint problem.

represents the average of a given number of neighwhere
boring nodes. Therefore, (15) depends on two factors: the
smoothing and the number of involved neighboring nodes.
, (15) replaces the updated node with the average
When
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Fig. 5. Reconstruction of a sphere of radius 1 cm using two frequencies 3 and 5 GHz. (a) initial guess of a sphere of radius 2 cm, (b) cost function versus iteration
number, (c) reconstruction after 119 iterations, (d) reconstruction after 600 iterations. No smoothing was used.

of the given number of neighboring nodes. When
, no
smoothing is applied. If the number of neighboring nodes is
very large, the reconstructed shape will be very smooth, and
if only one neighboring node is used (just the node itself) no
smoothing is applied. The above smoothing scheme has been
introduced here for its ease of implementation and because
it is based on individual node updates. Other alternative surface-based regularization schemes exist as described in [18],
but will not be used here.
This paper will investigate the influence of these two regularization parameters in (15). We first display results that show
the role played by the factor in (15) using eight neighboring
nodes at all frequencies. That number will be reduced to only
four to examine the effect on the reconstruction. Our numerical
experiments will show a better performance when the factor
depends on the frequency.
III. NUMERICAL RESULTS
In the numerical experiments, we assume that location and
electrical properties of the object are known. Our computational
domain with two difsetup consists of a
ferent lossy media; the object and the background. The permittivity and conductivity of the object and the background media
and
, and
and
are assumed
, respectively.
The object is surrounded by 26 transmitters/receivers
for illumination using plane waves, with frequencies typically
range from 700 MHz to 7.4 GHz. Eight
s are equidistantly

distributed at each plane of constant elevation angle, i.e. at
,
, and
, where varies from 0 to
in steps of
. In addition, two
s are located in the
directions
and , respectively. The exception is the first
example of the sphere where only two frequencies and different
are used as will be stated later.
number of
The incident plane wave has -polarization. The -polarization was considered but showed similar results. The synthetic
data calculated at the receivers are generated using the MoM
forward solver. The surface of the true object is discretized into
10 nodes along the elevation angle and 20 nodes along the azimuth angle , unless otherwise stated in each example.
In this section, except in example 1, the step size in (13)
is automatically calculated such that the average displacement
of all surface nodes in a given iteration is 0.25 mm. This was
selected based on testing a range of values between 0.01 mm
and 1 mm.
We will also show the role played by the accuracy of the forward solver on the quality of the reconstructed shapes upon increasing the number of MoM surface nodes. All shapes considered in this section are summarized in Fig. 4.
Algorithm Computational Aspects: As known, the MoM
, to obtain the
solves a linear system of equations,
surface currents on the object where is the impedance matrix, represents the current coefficients and represents the
incident waves [7], [19]. When the number of nodes along
the angle is 10 and along the angle is 20, for example,
the number of unknown electric and magnetic currents is 480,
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= 0:04. The frequency hopping of 12 frequencies is used

Fig. 6. Cost value versus the iteration number for (a) no smoothing, (b)
: , (c)
: , (d)
from 3–7.4 GHz in steps of 400 MHz. Reconstructions of the acorn shape of Fig. 4(b) are shown in Fig. 7.

which represents the size of the
matrix and the and
vectors. Calculating the scattered fields from the object at one
frequency and due to one incident wave requires 30 seconds
on a single processor on HP Tru64, Alpha EV6.8, 1 GHz, 4 GB
RAM, and 254 GB HD.
The presented inversion algorithm involves three main cycles;
one over the inversion iteration, one over the frequencies and
one over the sources. Two scenarios could be considered; one
is summing the cost functions over all frequencies [18] and the
second is hopping from one frequency to another (this work).
In the later, the inversion iteration and the frequency cycles are
interchanged with updating the surface nodes at the end of each
frequency cycle.
The algorithm computes the impedance matrix of the object only whenever the surface nodes are updated. However, the
above system of equations is solved iteratively twice per incident wave (i.e., transmitting source ), e.g., 52 times when the
total number of transmitters is equal to 26, for example. For the
adjoint problem, all adjoint sources from all receivers are added
to form
; then the adjoint system of equations
is
solved. As a result, the algorithm required 5 minutes per inversion iteration when 26 transmitters/receivers are used.
Shape 1 [Sphere in Fig. 4(a)]: In the first example, the reconstruction of a sphere is considered using only two frequencies
at 3 and 5 GHz as demonstrated by Colton et al. in [16]. The
in this case is 30 with 5 being located at
total number of
each plane of constant azimuth angle (starting at
and
) where varies from 0 to . A step-size
ending at
is used at 3 GHz and
is used at 5 GHz. The
numbers of discretization nodes in the synthetic object along
the angles and are 10 and 20, respectively, while they are
8 and 16, in the updated object. The results are shown in Fig. 5

with an initial guess of a sphere of radius 2 cm (gray color). The
true sphere of radius 1 cm is shown in Fig. 5(a) (black color).
Fig. 5(b) shows the convergence of the algorithm through plotting the cost functional versus the iteration number. The reconstruction results are shown in Fig. 5(c) and (d) after 119 and
600 iterations, respectively. Although the reconstructed object
shows no spherical shape around 119 iterations in Fig. 5(c), the
algorithm is capable of converging to a spherical object after
600 iterations in Fig. 5(d). No smoothing is used in this case
(i.e.,
).
Shape 2 [Acorn-Like 1 in Fig. 4(b)]: Several factors affect
the reconstruction accuracy such as the smoothing factor, the
number of neighboring points used in the regularization, and
the noise in the data. These factors will be studied using the
acorn-like shapes as used by Colton et al. in [15]. This particular shape includes complex features compared with spheres,
spheroids, cylinders, etc. The plots in Fig. 6 show the cost functional versus the iteration number for several values of as 0,
0.01, 0.02, and 0.04 for the shape reconstruction presented in
Fig. 7. The initial guess is a sphere of radius 1 cm as shown
in Fig. 7(a). The frequency hopping of 12 frequencies from 3
to 7.4 GHz is used in steps of 400 MHz. The algorithm is designed to hop to the next frequency once the cost functional
monotonically increases at three consecutive iterations or when
the number of iterations reaches a selected maximum of 1000
per frequency. The stair-case behavior of the cost functional
observed in Fig. 6 is due to the hopping from one frequency
to another. When changing the frequency, the cost of the new
frequency is unrelated to the old one, i.e. it is not normalized
with respect to the previous cost value. A similar observation
was reported, e.g., by Ferraye et al. in [14]. In Fig. 6(a), where
no smoothing is applied, the behavior of the cost functional be-
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Fig. 7. Reconstruction of a
2 cm 2 cm true object, (a) initial guess of a sphere of 2 cm diameter (same data of Fig. 6), (b) no smoothing, (c)
(d) = 0:02, (e) = 0:04. Acorn shape of Fig. 4(b).

comes oscillatory at iteration numbers between 130 and 170
where the frequency is higher than 5 GHz. This oscillatory behavior is suppressed by increasing the factor to 0.01. It is observed that some frequencies, not a priori known, do not significantly reduce the cost in some cases. For example, in Fig. 6(b)
the cost functional at 3.4, 3.8, 5.2, and 5.6 GHz show almost no
changes with respect to the iteration number. In Fig. 6(a)–(d),
only the frequencies that contribute to the cost reduction are
marked on the plots.
Fig. 7(a)–(d) displays the reconstructed shapes associated
with the cost presented in Fig. 6(a)–(d), respectively. The initial
shape is shown in Fig. 7(a). The true shapes are plotted with a
black triangular mesh while the reconstructed ones are plotted
in solid gray color. All reconstructions are plotted after the final
iteration number shown in Fig. 6(a)–(d) at 7.4 GHz. As it was
expected, the reconstruction in Fig. 7(b) show sharp corners
. On the other hand, the
since no smoothing is applied
reconstructions become smoother when increases.
Note that the reconstructed shapes in Fig. 7(e) do not show
the fine details of the true shape. This could be due to an oversmoothing effect of (15) or to using the same MoM surface dis-

= 0:01,

cretizations at all frequencies. These issues will be clarified later
in more detail.
In Fig. 8 we use a larger initial guess of a sphere of radius
2 cm. We note that in the previous example, the initial guess
was closer to the true shape. As discussed in [12]–[14], when
the initial guess is far from the true object it is better to start
the frequency hopping technique at lower frequencies. Therefore, the frequency hopping in this case starts at 700 MHz and
ends at 7.4 GHz. The band from 700 MHz to 2.9 GHz uses
steps of 200 MHz while the band from 3–7.4 GHz uses steps
of 400 MHz as before. Our examples also show that using an
adaptive smoothing factor (as function of frequency) gives
better results compared to using a constant value at all frequencies, as in the previous example.
An adaptive scheme for the factor will be used as:
for
,
for
,
for
, and
for
. This scheme has
been selected empirically. Note, however, that as the frequency
increases the reconstructed shape converges to the true shape
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Fig. 8. (a) Cost value versus the iteration number, (b) initial guess of 4 cm diameter, (c) the reconstruction after 39 iterations at 700 MHz, (d) after 264 iterations
at 2.3 GHz, (e) after 612 iterations at 2.9 GHz, (f) after 706 iterations at 3.4 GHz. Acorn shape of Fig. 4(b).

and less smoothing is required. Only the results up to 3.4 GHz
are shown due to some deterioration at higher frequencies cases.
The cost is displayed in Fig. 8(a) versus the iteration number
for frequencies up to 3.4 GHz. For clarity, only 700 and
900 MHz, and 1.7, 2.3, 2.9, 3, and 3.4 GHz are used in the plot
since the rest of the frequencies did not significantly reduce the
cost function in this case. The initial guess is shown in Fig. 8(b).
The shape reconstruction results are plotted in Fig. 8(c)–(f)
after 39 iterations at 700 MHz, 264 iterations at 2.3 GHz, 612
iterations at 2.9 GHz, and 706 iterations at 3.4 GHz, respectively. Comparison with the true shape suggests that the best
shape is obtained between 612 and 706 iterations (between 2.9
and 3.4 GHz).
Shape 3 [Acorn-Like 2 in Fig. 4(c)]: Next, reconstruccompared
tions for a larger true object
with previous examples
are shown. The
Appendix A describes the details for generating these true
objects in Fig. 9.

The cost is plotted in Fig. 9(a) versus the iteration number
using frequencies from 700 MHz to 1.9 GHz in steps of
200 MHz. In addition, the cost corresponding to a refined result
at 3 GHz is also shown. For clarity, only 700 MHz, and 1.1,
1.3, 1.9, and 3 GHz are used in the plot since the rest of the
frequencies did not contribute to the cost reduction. Fig. 9(b)
shows the sphere of radius 3 cm used as the initial guess. The
reconstructions are shown in Fig. 9(c)–(f) after 40 iterations
at 700 MHz, 110 iterations at 1.3 GHz, 1122 iterations at
1.9 GHz, and 1228 iterations at 3 GHz, respectively.
In this example, a surface interpolation scheme is employed
to increase the MoM surface nodes of the updated object. The interpolation scheme is based on smooth interpolation of scattered
data by local thin plate splines [20]. Notice that these splines are
only used for defining the finer mesh but are not used further in
the evolution of the reconstruction. The interpolation is implemented after 1122 iterations [see Fig. 9(e)] to be increased to 13
nodes along the angle and 24 nodes along the angle for the
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Fig. 9. Reconstruction of a 3 cm 4 cm true object. (a) the cost functional versus the iteration number, (b) initial guess of 6 cm, (c) the reconstruction after
40 iterations at 700 MHz, (d) after 110 iterations at 1.3 GHz, (e) after 1122 iterations at 1.9 GHz, and (f) after 1228 at 3 GHz. Acorn shape of Fig. 4(c).

object shown in Fig. 9(f) at 3 GHz. Also, at this frequency, the
discretization used to obtain the synthetic data is increased from
10 and 20 nodes to 15 and 30 nodes along the angles and ,
respectively. As a result, the reconstruction of Fig. 9(f) shows
an improvement compared with that in Fig. 9(e).
To confirm the above statement, the -, -, and -axes of the
true object used in Fig. 9 are rotated by 45 , 0 , and 36 , respectively, as shown in Fig. 10. The cost is plotted versus the
iteration number in Fig. 10(a) for frequencies from 700 MHz to
3 GHz. For clarity, only 700 MHz, and 1.1, 1.9, and 3 GHz are
used in the plot since the rest of the frequencies did not significantly reduce the cost function. The shape reconstructions are
shown in Fig. 10(c)–(f), where the updated shapes are plotted
after 53 iterations at 700 MHz, after 83 iterations at 1.1 GHz,
after 727 iterations at 1.9 GHz, and after 863 iterations at 3 GHz,
respectively.
Similar to Fig. 9(f), the reconstructed shape at 3 GHz shown
in Fig. 10(f) is obtained using the surface interpolation and the

discretization accuracy discussed in Fig. 9. It is observed that
using a higher discretization rate at higher frequencies increases
the accuracy of the reconstruction. As expected, this leads to an
increase of the CPU time.
In all the previous examples, the regularization scheme of
(15) was based on using 8 neighboring nodes. To investigate this
factor, the example of Fig. 10 is repeated in Fig. 11 using only
4 neighboring nodes. The cost function is plotted in Fig. 11(a)
versus the iteration number for frequencies up to 3 GHz. For
clarity, only 700 MHz, and 1.3, 1.9, 2.3 and 3 GHz are used in
the plot since the rest of the frequencies did not contribute to
the cost reduction. The updates of the reconstructed shapes are
plotted in Fig. 11(b)–(f) after 79 iterations at 700 MHz, after
111 iterations at 1.3 GHz, after 145 iterations at 1.9 GHz, after
426 iterations at 2.3 GHz, and after 506 iterations at 3 GHz,
respectively. The reconstruction at 3 GHz, shown in Fig. 11(f),
also uses the surface interpolation and higher discretization rate
similar to Figs. 9(f) and 10(f).
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Fig. 10 Reconstruction of a 3 cm 4 cm true object. (a) the cost functional versus the iteration number, (b) initial guess of 6 cm, (c) the reconstruction after
53 iterations at 700 MHz, (d) after 83 iterations at 1.1 GHz, (e) after 727 iterations at 1.9 GHz, (f) after 863 iterations at 3 GHz. Acorn shape of Fig. 4(c) (rotated).

To examine the performance of the algorithm when using
noisy synthetic data, the definition of the signal-to-noise-ratio
(SNR) is adopted as
(16)
similar to the work in [7]. The complex noise vector has a
length equal to the total number of and per frequency (i.e.
676 in this example). The real and imaginary parts are generated independently using a Gaussian random generator of zero
represents
mean and standard deviation . The vector
the noiseless synthetic electric field data. Two values of , as
of 20 and 13 dB,
0.1 and 0.2, are considered, which give
respectively. The results of Fig. 9 are repeated upon adding this
noise as shown in Fig. 12. When comparing the later figures with
Fig. 9(f), the results show, as anticipated, deteriorations in the
shape reconstruction [7], [21]. In experimental measurements,
inevitable level of noise exists and will affect the reconstruction
accuracy.

Shape 4 [Super Shape 1 in Fig. 4(d)]: The reconstructions of
two super shapes are considered in Figs. 13 and 14, respectively.
These shapes are generated using the formula given Appendix B
is used here, compared with
[22]. A smaller step
used in previous figures. Also a smaller smoothing
factor
is used for
, and 0.01
for all other frequencies in Figs. 13 and 14.
The reconstruction of the super shape 1 [see Fig. 4(d)] is
shown in Fig. 13 with initial guess of a sphere of radius 3 cm is
shown in the top row. After 95 iterations and at 700 MHz, the
updated shape is shown in the middle row of Fig. 13. The results
are demonstrated as top, front, side views. After 215 iterations
and at 3.4 GHz, the reconstruction is shown at the bottom row
of Fig. 13. No improvements in the shape reconstruction are observed at higher frequencies than 3.4 GHz.
Shape 5 [Super Shape 2 in Fig. 4(e)]: The reconstruction of
the super shape 2 [see Fig. 4(e)] is shown in Fig. 14 with initial
guess of a sphere of radius 3 cm (top). After 40 iterations and
at 700 MHz, the updated shape is shown in the middle row of
Fig. 14. After 209 iterations and at 3.4 GHz, the reconstruction
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Fig. 11 Reconstruction of the same object as in Fig. 10 but using smoothing of the 4 neighboring nodes instead of the 8 neighboring nodes in Fig. 10, the same
initial guess as in Fig. 10(b). (a) The cost functional versus the iteration number, (b) the reconstruction after 79 iterations at 700 MHz, (c) after 111 iterations at
1.3 GHz, (d) after 145 iterations at 1.9 GHz, (e) after 426 iterations at 2.3 GHz, (f) after 506 iterations at 3 GHz. Acorn shape of Fig. 4(c) (rotated).



2

Fig. 12 Reconstruction of a 3 cm 4 cm true object with noisy data, (a) 20 dB, and (b) 13 dB, for the same data of Fig. 9. Compare the results with Fig. 9(f),
which is noiseless data. Acorn shape of Fig. 4(c).

is shown at the bottom row of Fig. 14. No improvements in
the shape reconstruction are observed at higher frequencies than
3.4 GHz.

The results of Figs. 13 and 14 show reasonable accuracy,
except at the corners, which look rounded. This is due to the
smoothing scheme using 8 neighboring nodes as discussed ear-
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Fig. 13 Reconstruction of super shape 1 of Fig. 4(d), initial guess of a sphere of radius 3 cm (top), the reconstruction after 95 iterations at 700 MHz (middle), and
:
, smoothing
: for
:
, and
: for all other frequencies.
after 215 iterations at 3.4 GHz (bottom). The step size

= 1 520

lier. The cost functions behavior is similar to previous results
(not presented here).
IV. DISCUSSION AND CONCLUSION
The adjoint-field scheme was used to efficiently calculate the
gradient, as it required solving the forward problem only twice
per each frequency and source, regardless of the shape of the
target. Due to the nonlinearity of the inverse problem, multiple
frequencies and multiple transmitters and receivers were needed
to obtain the solution.
The use of regularization scheme has helped eliminating
some instability issues observed in preliminary results [23].
The algorithm was also examined when Gaussian noise was
added to the synthetic data, where, as expected, the results
deteriorate when the noise level increases [7], [24].
In [18], a finite volume forward modelling code was employed which could be very expensive for 3D microwave applications. The current work was motivated to provide a more

= 0 06 700Mhz  f  1 7 Ghz

= 0 01

efficient 3D algorithm. Fundamental differences exist between
the two approaches in shape modelling and shape updates. In
[18], the surface was updated through volumetric level set functions, whereas here the surface is updated by directly displacing
the individual nodes.
The originality of this work is the hybridization of (i) the 3D
surface based forward solver, (ii) the efficient adjoint scheme
technique for calculating the gradient and (iii) the updating and
controlling the individual surface nodes during the inversion.
The current technique does not require any parameterization of
the surface, e.g., the B-spline in [3] and the spherical harmonics
in [7].
We point out that a current limitation of the technique is
assuming a priori knowledge of the number of objects immersed in the background and the knowledge of their electrical properties. However, an additional search for the dielectric properties can be accomplished by looking in each inversion step for two updates; one for the shape and one for the
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Fig. 14 Reconstruction of super shape 2 of Fig. 4(e), initial guess of a sphere of radius 3 cm (top), the reconstruction after 40 iterations at 700 MHz (middle), and
:
, smoothing
: for
:
, and
: for all other frequencies.
after 209 iterations at 3.4 GHz (bottom). The step size

= 1 520

dielectric properties. Additional computational expenses are
anticipated as a tradeoff.
We mention that there also exist other several promising techniques in the literature such as MUSIC, linear sampling methods
(LSM), factorization methods, point source methods, etc. Their
potential and limitations are currently under investigation [25],
[26]. Although a thorough comparison between these methods
and our method is out of the scope of the current paper, we mention here some of their advantages and disadvantages as reported
in the literature [25], [26]. The LSM, for example, has shown to
be able to retrieve 3D shapes with no knowledge of its electrical properties and it avoids the use of nonlinear optimization
methods so its computational expenses are expected to be low
[25]. However, some limitations were also reported. It requires
some a priori knowledge of the size of the object to be detected
and it depends critically on the choice of a cutoff parameter [25].
A drawback of the proposed technique compared with some
of existing methods might be the slower performance due to

= 0 06 700 Mhz  f  1 7 Ghz

= 0 01

its iterative nature; but implementing parallelization is possible.
The main advantage is the ability to reconstruct 3D irregular
objects in the microwave region with no a priori knowledge of
its geometry.
The uniqueness of the reconstructed shape is important; however, this paper is more numerically oriented that deals with
the computational complexity and stability of the algorithm and
the quality of the reconstructions. Uniqueness was discussed in
other papers, e.g., [27].
An experimental system was assembled using only two rotating Vivaldi antennas around a target to provide multiple T/Rs
in the frequency range 2–7 GHz. Preliminary results for metallic
pipes were obtained [28].
APPENDIX A
The spherical harmonics representation of surfaces is used
here for modeling the true object. In this representation, the ra-
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dius at each node on the surface is presented as a function of the
and angles as [7]

(A1)
are the harmonic coefficients and the function
is the spherical harmonic function. Using this repreis expressed as [7]
sentation, the radius
in which

(A2)
The values
represent the coefficients that can be
randomly generated to produce a 3-D object of irregular shape.
must be greater than zero. The
Notice that the main radius
when all other
object becomes exactly a sphere of radius
for
). Notice
coefficients are zero (i.e.
that all ’s have no units, except which is in centimeters.
For results in Figs. 6–8, the irregular shape is based on ten
harmonic coefficients obtained using the random generator with
. The generated random numbers are
,
where
,
,
. For the results in Fig. 9, the irregular
shape is based on ten spherical harmonics using
and
and the same as before. The
results in Figs. 10 and 11 used the same object of Fig. 9, but after
rotating its -, -, and - axes by 45 , 0 , and 36 , respectively.
APPENDIX B
The general formula for the super shape is given by [22]
(B1)
The super shape of Fig. 13 is generated using
,
,
,
, while the super shape of Fig. 14
is generated using
,
,
,
,
. With
and
,
,
the , , are given by

(B2)
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