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Abstract—A two dimensional diffusion-drift model is
developed to simulate the electrical activities of a breast
cancerous cell during the hyperpolarization which occurs at the
G1/S transition. The model focuses on calculating the temporal
and the spatial patterns of the electric current densities and
biopotentials generated at the cell boundary and its
surroundings. Different durations for the hyperpolarization
phase were studied. The results show that the electric signals
generated in the tumor cell’s surroundings increase as the
duration of the hyperpolarization phase decreases or when the
transition becomes faster.
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I. INTRODUCTION

HE biomagnetic (BM) and biopotential (BP) signals
generated by growing breast tumors have recently
received increasing attention for non-invasive and passive
detection of breast cancer [1]-[3]. The BM and BP signals
are naturally generated by growing tumors, and therefore, no
harmful incident radiation is employed. In addition, the BM
and BP detection techniques have the potential of
characterizing breast tumors (as benign or malignant)
without the need of biopsies [1]-[3].
In order to advance the BM and BP detection of breast
cancer, however, the electric signals generated by growing
breast tumors need to be modeled using mathematical
biology methods. These models will help estimate the
characteristics and features of the generated BM and BP
signals and will provide in depth knowledge regarding the
biophysics associated with tumor growth.
The mathematical model needs to calculate both the
temporal and the spatial patterns of the tumor induced
electric signals. The analysis is complicated by the fact that
tumors generally exhibit irregular shapes [4]. This is unlike
nerve fibers which can be approximated to some extent to
have cylindrical symmetry [5].
This paper elaborates on some issues raised in [6] which
proposes to use the diffusion-drift analysis to model the
electrophysiological processes exhibited by dividing breast
cancerous cells. The use of the diffusion-drift analysis is
frequently employed in semiconductors, (see [7] for
example) to model the transient electric current densities and
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potentials of multi-charged (electrons and holes) devices.
The diffusion-drift analysis is adopted here for the BPs and
electric current densities generated by a growing tumor cell.
II. BIOPHYSICAL FOUNDATION FOR THE ELECTRIC
SIGNALS INDUCED BY A MCF-7 CELL
The experimental measurements of Strobl et al. [8] led to
formulate a model, in which potassium ion channels activity
play an important role in regulating the membrane potential
of the breast cancer cell line MCF-7 [8]. In the biological
model of Strobl et al., the G1/S transition is accompanied by
the opening of the potassium ion channels in the membrane
which leads to the flow of potassium ions outside of the cell
and thus the hyperpolarization of the membrane. Changes in
the potassium ion channels activity in the membrane of
cancerous cells were used to explain the elevated potential
on the breast skin surface above the tumor as reported in [3].
In addition, in other cancerous cells there is also a change in
the rate of active transport of ions during the G1/S transition
[9]. This work proposes to mathematically model the time
variations in the active transport and potassium
permeability, reported in the previous biological models,
during the hyperpolarization phase.
III.

FORMULATIONS

Cellular activities disturb the ionic charges and potential
distributions which lead to the creation of diffusion and drift
forces trying to return the system back to equilibrium. The
three governing equations are:
r
J m = − D m ∇C m − µ m C m Z m ∇φ
(1)
r
∂C m
= −∇ ⋅ J m
∂t

(2)

F
ε

(3)

∇ 2φ = −

∑ Z mCm
m

r
where J m is the electric current density of ion m
(moles/(cm2×s)), Dm is the diffusion coefficient of ion m
(cm2/s), Cm is the concentration of ion m (moles/cm3), µ m is
the mobility of ion m (cm2/(volt × s)), Zm is the signed
charge of ion m, φ is the electrostatic potential (V), F is
Faraday’s constant (96485 C/mol) and ε is the permittivity
of the material (≈80 ε0 F/m for water). Three ions are
considered: Potassium, C K + , Sodium, C Na + , and Chloride,
C Cl − , due to the important role they play in regulating the
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membrane potential. A fourth ion named C A − is added in
only the pixels corresponding to cancerous cells to account
for the intracellular negatively charged proteins. The value
of C A − is set equal to 135mM comparable to the value in
human cells [10]. Unlike the three other ions, negatively
charged proteins cannot penetrate the cell membrane and
therefore the value of C A − is fixed during the simulation.
Equations (1)-(3) are discretized using the L×L
configuration in Fig. 1, where L is set equal to 11 and each
step is equal to 10 µm, the average size of a human cell [10].
A small L is chosen to reduce the computational time
without affecting the electric signals. The computational
grid can be easily expanded by using a larger L, at the
expense of larger computational time. A single cell MCF-7
cell is modeled at the center of the grid; however it is not
limited to be at the center.
f
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C mt +1

(4)

m

The values of the ions concentration at the next time step
are not known since the potential values are updated before
the ion concentration values. The values of C mt +1 are
estimated by expanding them in terms of Cmt values using
Taylor series. By retaining the first two terms only in the
∂C mt
Taylor series and substituting for the value of
from
∂t
the continuity equation in (2), C mt +1 can be expressed as:

)

(5)

….

L

Fig. 1. The model configuration showing the blood vessel location
(on the right), a cancerous cell (dark gray), plasma (light gray) and the
tissue boundary (on the left). The arrows define the positive direction
of the electric current densities used in the model.

The boundary conditions imposed on the configuration in
Fig. 1 are a constant concentration of ions and constant zero
potential on the right hand side. This is to emulate the
presence of a blood vessel on the right hand side as in [4].
The left hand side of the model represents a tissue boundary
where all fluxes are set equal to zero. This is to emulate the
breast surface. The top and bottom boundaries are set as
periodic boundary conditions following [4]. The BP
difference V1= φ a- φ b represents the difference between the
inside and outside of the cell. The BP differences V2 = φ c –
φ d and V3 = φ e– φ f are defined as the BP difference between
a point adjacent to the tumor cell and a point distant from it
similar to what is employed in the BP characterization of
breast cancer [2]. φ a, φ b, φ c, φ d, φ e, and φ f are the BPs at
the pixels a, b, c, d, e and f shown above, respectively. Jx1,
Jx2, Jy1 and Jy2 represent the total (active +passive) electric
current densities at the boundary of the cell as shown in Fig.
1. The next section, describes the solution of (1)-(3) using
the configuration in Fig. 1.

(

)

r
F
(6)
Z m C mt − ∆t ⋅ ∇ ⋅ J mt ,t +1
∑
ε m
It is important to note that the concentration of ions and
the potential share the same discretization grid. The electric
current density from one pixel to an adjacent one are
calculated half way at the boundary between two pixels. The
diffusion and mobility coefficients are also evaluated
halfway between any two pixels. One of the advantages of
the above model is that it assigns different mobility and
diffusivity coefficients at different regions of the grid. For
example, the cell membrane of a living cell is semipermeable and therefore will not allow ions to flow as freely
as in plasma [10]. If a living cell is located at pixel (I, J) the
diffusivity (Dbm) and the mobility (µbm) coefficients at the
cell boundaries, (I, J+0.5), (I, J-0.5), (I+0.5, J), and (I-0.5,
J), are set to values much smaller than their surroundings.
Equation (6) is then discretized using standard finite
difference and solved at each time step. The ion
concentrations are then updated using (2) and φ t +1 .
∇ 2 φ t +1 = −

2
1

∑Z

r
The term ∇ ⋅ J mt ,t +1 includes φ t +1 and C mt . Substituting (5)
in (4) it can be written as:

a

1

F
ε

(

b

Jy1
:
:

∇ 2 φ t +1 = −

r
C mt +1 = C mt − ∆t ⋅ ∇ ⋅ J mt ,t +1

Jy2
Jx1

A. Implicit Discretization
The implicit discretization, developed for modeling the
MEtal Semiconductor Field Effect Transistor (MESFET) in
[7], is adopted here due to its stability. In the implicit
discretization, the potential values, φ , at each pixel are
solved for the next time step (t+1) before evaluating the ions
concentrations, C mt +1 , values, and (3) is discretized as [7]:

B. Cancerous Cell Active Transport
A pixel bearing a living cell exchanges ions with its
surroundings using active transport [10]. Active transport is
performed by the cell membrane and occurs in directions
opposite to those of diffusion and drift forces. Equations (13) account for diffusion and drift forces but not for the
active transport. The sodium-potassium active pump, known
as the (Na+-K+) ATPase pump, pumps potassium into the
cell and sodium out of the cell, consuming energy or ATP
during the process. The (Na+-K+) ATPase pump is integrated
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in the model due to its presence in the membranes of almost
all animal cells [10]. For a cell at pixel (i, j), the active influx
is modeled as:
C m (i, j ) = C m (i, j ) + f m ∆t

(7a)

C m (I , J ) = C m (I , J ) − f m ∆t / 4

(7b)

where (I, J) represent the four immediate neighbors of the
cell. The pumping rate fm for sodium ions, ( f Na + ) and
potassium ions ( f K +

) can be modeled as [11]:

f Na + = − f max
t
⎛
⎞
C Na
+
⎟
−i
× ⎜⎜ t
⎜ (C + + K + (1 + C t + / K + )) ⎟⎟
K −i
Na −i
K −i ⎠
⎝ Na −i

3

⎛
⎞
C Kt + −o
⎟
× ⎜⎜ t
⎜ (C + + K + (1 + C t + / K + )) ⎟⎟
Na − o
K −o
Na − o ⎠
⎝ K −o
f K + = −0.667 f Na +

(8a)
2

(8b)

t
where fmax is the maximum pumping rate, C Na+ −i and

C Kt + −i refer to the intracellular sodium and potassium
t
concentrations, respectively and C Na+ −o and

C Kt + −o refer

to the extracellular sodium and potassium concentrations,
respectively. The K Na+ −i , K K + −i , K K + −o and K Na + −o
factors are termed dissociation coefficients. The exact values
for these coefficients for the MCF-7 cells are, to the best of
our knowledge unknown. As an estimate, their values are set
equal to those of red blood cells reported in [11]. The next
section outlines the values of the parameters used in (1)-(8)
above.
C. fmax, Dbm and µbm for simulating the reference,
depolarization and hyperpolarization state
This model focuses on calculating the electric signals
induced by the MCF-7 cell due to the hyperpolarization in
the G1/S transition. Before the hyperpolarization state is
simulated, the model passes first through the reference state,
which represents the cell status before division, followed by
the depolarization state which occurs early in the G1 state.
In all the three states, the concentrations C K + , C Na + , and
C Cl − in the blood pixels are fixed equal to 5, 155 and

160mM, respectively which is comparable to those reported
in [10]. At all pixels, other than the cell boundary, the
diffusion coefficients D k + , D Na + and DCl − are set equal to
1.96×10-5, 1.33×10-5 and 2.03×10-5 cm2s-1, respectively and
the mobility coefficients µ k + , µ Na + and µ Cl − are set equal
to 7.62×10-4, 5.19×10-4 and 7.92×10-4 cm2/(sV), respectively.

Since plasma is mostly composed by water, the diffusivity
and mobility coefficients are selected equal to the values in
water as in [12]. Uniform distribution of ions concentrations
at values equal to those in blood and zero potential at all
pixels is used for the initial conditions.
The three main parameters which control the cell state
are fmax , Dbm and µbm. In the reference state, fmax =2mMs-1,
-9
-9
-9
Dbk + = 7.84×10 , Db Na + = 0.665×10 , Db Cl − = 3.25×10
cm2s-1, µbk + = 3×10-9, µb Na + = 0.257×10-9, µ bCl − =1.255×10cm2s-1V-1. The values of the previous factors are chosen to
produce realistic intracellular ionic concentrations and
membrane potential at the three stages and they are
comparable with those in other cancer cells [9].
In the depolarization state, fmax is reduced by four times
whilst Db k + and µbk + are reduced by ten times. The other
7

parameters are maintained constant. In the hyperpolarization
state fmax, Db k + and µbk + are returned back to their reference
state values. The change in the maximum transport rate fmax
is comparable to what happens in other cancerous cells such
as neuroblastoma [9]. The changes in Db k + and µbk + are
consistent with the ten-time change in potassium
permeability in MCF-7 cells reported in [13].
Based on experimental measurements, the time profile of
the membrane potential of MCF-7 cells during the
hyperpolarization state was defined in [8] but not its
duration. Therefore, two time durations, 0.6 hours and 6
hours, for the hyperpolarization state are modeled. The
change in the fmax, Db k + and µbk + is simulated to have a
slow rate of change at the beginning, a sharp transition in the
middle, and a slow rate of change at the end such that the
simulated membrane potential (V1) profile in both durations
matched the membrane potential profile of MCF-7 cells [8].
IV. NUMERICAL RESULTS
Fig. 2a and 2b shows the BP difference V1 defined in Fig.
1 compared to the BP difference in [8] for the 0.6 hours and
6 hours durations, respectively. The generated profiles show
good agreement with [8] in terms of both the shape and the
values of the membrane potential at the start and end of the
hyperpolarization phase. This validation gives confidence to
the values of the parameters selected.
The BPs differences V2 and V3 and the electric current
densities Jy1 and Jy2 are plotted for the two time durations in
Fig. 3 and Fig. 4, respectively. It is clear that the faster the
hyperpolarization state, the higher the BP differences V2 and
V3 and the higher the electric current density Jy1 and Jy2. This
is true of the other electric signals defined in Fig. 1.
Therefore, malignant tumors, which tend to divide faster,
will produce higher electric signals than benign tumors.
Also, V3 is less than V2 which is expected since it is further
from the tumor. Due to space limit, the other electric signals
defined in Fig. 1 will be presented in the conference. The
calculation of the previously described electric signals at the
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Fig. 2. The profile of the simulated and reported BP difference (V1)
during the hyperpolarization phase for two time durations a) 0.6 hours
and b) 6 hours.
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