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gions/objects, they can provide a good description of the geographical
image and lead to good segmentation results.
V. CONCLUSION
In this paper, we present a novel multifractal estimation method to
describe the local scaling properties of a region/object. Computer experiments show that the proposed method performs well at different
window sizes and different gray-scale levels. The proposed method has
also been shown to apply successfully to the segmentation of geographical images.
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IV. SEGMENTATION
It is now clear that natural texture images can be discriminated by
multifractal exponents. Most natural images, such as geographical images, are all textural in nature. In remote sensing images, different regions possess different texture and have different multifractal exponents. These properties are thus ideal for use in image segmentation.
Like fractal dimensions, multifractal exponents are rotation invariant
and intensity invariant. As these are the inherent properties of most
natural regions and objects, multifractal exponents can be used to accurately describe these images.
In this simulation, four multifractal exponents (q = 01; 0; 1; 2) are
chosen to segment a synthetic aperture radar (SAR) image. In order to
highlight the edges, the K-means clustering approach [7], which is a
fast and appropriate cluster technique for large data sets, is also applied.
Using four multifractal exponents and applying the K-means method,
the cluster results can be obtained. Finally, the results are mapped from
the feature space to the image space.
The image we used in this paper is as shown in Fig. 2, which is a
X-band SAR image spanning an area of about 100 kilometers by 50
kilometers. This is an image of the area surrounding the city of New
Orleans, LA in the southeastern U.S. The image size is 520 2 450
pixels and the dark area in the center is Lake Pontchartrain. The thin
line running across the lake is a causeway connecting New Orleans to
the city of Mandeville.
Segmentation of the image is performed on workstation running at
250 MHz. Four multifractal exponents are estimated for each pixel
based on a 15 2 15 image window. By using the K-means method, each
pixel is classified into two groups: land or lake. The result obtained
using the proposed method is shown in Fig. 3 in which the boundaries of Lake Pontchartrain are shown clearly and correctly, even the
causeway. As multifractal exponents reflect the spatial statistics of re-
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Nonquasi-planar structure decomposition into two quasi-planar structures showing their multiple interactions.

computational operations that necessitates the use of fast algorithms [1]–[6]. Recently, the Steepest Descent Fast Multipole
Method (SDFMM) [3] has been adopted to analyze the scattering
from penetrable shallow objects buried beneath two-dimensional
(2-D) random rough ground [7], [8]. The SDFMM has the great
advantage of O(K ) computational complexity for both the CPU
time and computer memory [3] compared with the O(K 2 ) for
the Method of Moments (MoM), where K is the total number of
electric and magnetic surface current unknowns. However, there
is a barrier that limits using the SDFMM in some applications;
the whole scatterer should have a quasi-planar structure with
total height equal to a fraction of a free-space wavelength. On
the other hand, there are several potential applications that have
nonquasi-planar geometries; e.g., the multilayered rough ground
where the burial depth of the underground layer is larger than the
wavelength.
The multiple interaction approach was previously used in
investigating electromagnetic scattering problems either analytically
from rough surfaces only (no buried objects), e.g., [9] and [10],
or computationally from rough surfaces with buried objects, e.g.,
[11], [12]–[14]. In [9] and [10], each scattering element on
the rough surface was assumed to be a second source for all
scattering elements either on the same surface leading to the
double scattering mechanism [9], or on the underground rough
layer as presented in [10]. On the other hand, in [11], a PEC
sphere was buried beneath the rough ground while in [12] and
[13] a penetrable object was buried under or located above the
rough ground. In addition, the multiple interaction approach is
used with the Multilevel Fast Multipole Algorithm (MLFMA) for
multiple targets located above the half space is presented in [14].
In these models, the coupling between the rough ground and the
object is expressed as interaction matrices.
The multiple interaction approach with using the SDFMM is presented in this work. The basic idea is to decompose the three-dimensional (3-D) nonquasi-planar structure (e.g., the rough ground with a
buried scatterer) into two quasi-planar scatterers as shown in Fig. 1
where the SDFMM can be used separately for each scatterer. However, the interactions between the ground and the buried scatterer are
not expressed in matrices (or submatrices) but are calculated concurrently using precomputed and prestored information that facilitated the
numerical evaluating of the near-field expressions given in [15]. In general, using the multiple interaction approach (with and/or without the
SDFMM) enables investigating the contribution of each individual interaction mechanism between the ground and the buried object. This
will greatly help in understanding the physics involved in subsurface
sensing applications. It is necessary to distinguish between the multiple
interaction model upon using the SDFMM, presented in this work, and
our previous complete SDFMM model, presented in [7] and [8]. All the

self and mutual interactions between the rough ground and the buried
object were expressed as submatrices in the total impedance matrix of
the whole scatterer in [7] and [8].
II. FORMULATION
The four integral equations describing the unknown equivalent electric and magnetic surface currents for the problem of a single object
buried beneath two-dimensional rough ground were derived and discussed in [7] and [8]. The surfaces of the ground and the buried object
were discretized using the RWG triangular patches [16]; and the set of
linear system of equations was obtained [7], [8]
Z g:g

Z g:obj

Ig

Z obj:g

Z obj:obj

I obj

=

V g

0

(1)

where Z g:g represents the interactions between elements only on the
ground surface, Z g:obj represents interactions between elements on the
ground surface and elements on the object surface, Z obj:g represents interactions between elements on the object surface and elements on the
ground surface, and Z obj:obj represents interactions between elements
only on the object surface. As discussed in [7], the total impedance
matrix Z has the order of 2(N + P ) 2 2(N + P ), where N is the
number of vector basis functions on the ground and P is the number of
vector basis functions on the buried object. The factor of two accounts
for both the electric and magnetic surface currents. The vector V g represents the tested tangential incident electric and magnetic fields on the
ground surface. The unknown coefficients I g and I obj were solved for
in [7] and [8] by completely applying the SDFMM to (1), leading to
converting the dense matrix Z into a sparse one. Conversely, in this
work, the multiple interaction approach will be used to solve two separate linear systems of equations for the unknown current coefficients
and then iteratively update the incident fields on both the ground and
the buried object as
(n)

Z g:g I g

(n)
Z obj:obj I obj

=V

(n)
g

(n)
= V obj

(2a)
(2b)

where n = 1; 2; 3; . . . is the number of the interactions between the
ground and the buried object as depicted in Fig. 2. The algorithm begins
(1)
(0)
with solving (2a) for Ig , updating V obj in (2b) by numerically evaluating the near-field surface integrations given by [15, eqs. 107–111,
(1)
(1)
Ch. 6], solving (2b) for I obj , updating V g in (2a), and finally solving
(1)
(2a) for I g . These steps represent one interaction mechanism (i.e.,
ground–object–ground) that should be repeated until convergence of
surface current solutions is achieved. The final updated electric and
(0)
(1)
magnetic surface currents on the ground will be J g = J g + J g +
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(a) A cylinder of length b
3:04 , radius a = 0:15 and " = 7:9 j 0:0029 buried at z = 0:65 under a flat ground of dimensions
with " = 2:5 j 0:18 for # = 0 (Example 1), showing one ground–object–ground mechanism n = 1. (b) The same data of (a) showing
four ground–object–ground mechanisms n = 4. (c) The same flat air–ground interface of (a) and a flat under ground layer buried at z = 0:45 with " =
4:2 j 0:29 for # = 10 (Example 2). (d) The same data of (c) but with rough air/ground interface with rms height  = 0:08 and correlation length l = 0:5
(Example 3). (e) A sphere of radius of a = 0:5 with " = 4:5 j 0:029 buried at z = 0:75 (measured from its center) under a flat air/ground interface of
4:08 with " = 2:5 j 0:18 for # = 0 (Example 4). (f) The same data of (e) but with rough air/ground ( = 0:06 , l = 0:5 )
dimensions 4:08
and underground interface ( = 0:05 , l = 0:4 ) buried at z = 0:95 (measured between the two mean planes) with " = 3:7 j 0:2 (Example 5).
Fig. 2.
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spectively, and on the object J obj = J obj + J obj + J obj + 1 1 1 + J obj
(1)
(1)
(2)
(n)
and M obj = M obj + M obj + M obj + 1 1 1 + M obj , respectively. In
order to accelerate the computations, the SDFMM can be used separately in (2a) and in (2b) to convert each dense impedance matrix Z g:g
and Z obj:obj into a sparse one leading to the multiple interaction model
with the SDFMM. However, the efficient use of the SDFMM is contingent on the geometry of each scatterer separately, i.e., both the rough
ground and the buried object should be quasiplanar structures. In this
case, one interaction mechanism between the ground and the buried
scatterer requires solving (2a) two times, solving (2b) only once, and
numerically evaluating the near field expressions in [15] once for the
object’s and once for the ground’s incident fields. This implies that
SDFMM is not used in the near-field interaction computations given in
[15]. Thus, if K1 and K2 are the number of the RWG triangular patches
on the rough ground and on the object, respectively, then evaluating the

0

near-field expressions in [15] using patch–patch interactions requires
2K1 K2 operations [16]. Moreover, all the information needed to evaluate these surface integrations are pre-calculated and prestored during
the computations of Z g:g and Z obj:obj . Thus, the overall number of
operations for the multiple interaction model with the SDFMM is proportional to 2N + 2N + 2P + 4K1 K2 = (4N + 2P + 4K1 K2 ).
The quantity (4K1 K2 ) can be approximated by (16N P=9  2N P )
[16]. However, it is crucial to indicate that these (2NP ) operations are
conducted only once in each interaction mechanism and they are not
conducted in every iteration of the iterative solver like the (4N + 2P )
operations. The Transpose Free Quasi Minimal Residual (TFQMR) iterative solver is used in this work [17]. The memory requirements in the
multiple interaction model with the SDFMM is O(2N + 2P ). On the
other hand, the computational complexity of the complete SDFMM is
O(2N +2P ) [3], [7], [8], the conventional MoM is of O((2N +2P )2 ),
and the multiple interaction model is of O(4N 2 + 4P 2 ) for both the
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Fig. 3. The normalized change in the surface currents kC k=kC k versus
the number of interactions for Examples 1–7, where the vector C contains all
electric and magnetic surface currents.

Fig. 5. Magnitude of scattered electric field jE j received at z = 0:5 above
the ground due to (a) just the buried sphere in Example 4 [Fig. 2(e) shown at
y = 2:04 ] and (b) due to 1) just the rough air/ground interface and 2) just
the rough underground layer, in Example 5 [Fig. 2(f) shown at x = 2:04 ].

Fig. 4. The error in the norm of the surface currents obtained using the multiple
interaction model kC k
and those obtained using the conventional MoM
(kC k
) versus the number of interactions for Examples 1–4, where the
vector C contains all electric and magnetic surface currents.

CPU time and computer memory. In the case where the buried scatterer
has a nonquasi-planar structure but instead has a small electrical size,
the multiple interaction model can still be used by solving (2a) using
the SDFMM while solving (2b) using the MoM (i.e., the multiple interaction model with partial use of the SDFMM). This scenario will
slightly increase the total computational operations. However, if the
nonquasi-planar buried scatterer has a very large electrical size, then
using the MoM to solve (2b) will lead to a significant increase in the
computational operations. In addition, the coupling (2NP ) operations
per interaction will increase as well which limits the use of the multiple
interaction model for this case.
III. NUMERICAL RESULTS
Basically we are interested in subsurface sensing problems where
calculating the surface currents on the rough ground dominates the

overall computations. In all results presented in this section, the incident wave is assumed to be a Gaussian beam tapered toward the edges
of the ground [18] with horizontally polarized incident electric field
(i.e., in the y direction). The half-beam width is L=5 where the ground
has dimensions L 2 L.
A variety of geometries represented by seven examples are used
in this section. For Examples 1–5, the geometries are described in
Fig. 2(a)–(f) where the ground media is lossy with relative dielectric
constant assumed as "2r = 2:5 0 j 0:18. However, to investigate the
case of a shallow scatterer buried in a lossless medium, Example 6
uses the geometry in Fig. 2(c) but for larger dimensions of the ground
given by 4:080 2 4:080 with "2r = 2:5 while the underground layer
is assumed to have "3r = 6:7 0 j 0:2 and is buried at z = 00:10 .
The same geometry is also used in Example 7, but with even larger
dimensions of the ground given by 80 2 80 , same lossless soil of
"2r = 2:5, and lossy underground layer of "3r = 6:7 0 j 1:0 buried
at z = 00:10 . The accuracy of the near-field expressions in [15]
deteriorates for burial depths smaller than 0:10 since the source and
observation points become very close to each other.
A qualitative comparison (not presented here) showed excellent
agreement between the surface currents obtained using the multiple interaction model with those obtained using the conventional
MoM. Moreover, the convergence of the surface current solutions
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TABLE I
CPU TIME AND COMPUTER MEMORY REQUIREMENTS FOR EXAMPLES 1–5

in Examples 1–7, is quantitatively demonstrated by plotting the
normalized change in the currents kC (n) k=kC (0) k versus the number
of interactions between the ground and the buried scatterer. This is
shown in Fig. 3. The vector C has dimensions of (2N + 2P ) and
it contains all the electric and magnetic surface currents on both the
air/ground interface and the buried scatterer. The results show that a
significant change occurs in the currents after one interaction (n = 1);
however, much less significant change in the currents is observed after
two interactions (n = 2), as shown for Examples 6 and 7, where the
maximum relative change in the currents is less than 5%. However,
insignificant changes are observed for all cases at the third or higher
interaction. This indicates that the contributions from the higher
interactions depend on the physical properties of the scatterer, and in
some cases, larger changes in the currents may occur at the second
interaction. In Fig. 4, the error in the norm of the surface currents
obtained using the multiple interaction model kC kModel and those
obtained using the conventional MoM (kC kMoM ) are plotted versus
the number of interactions for Examples 1–4. The results clearly
validate the multiple interaction model.
In Fig. 5(a), the scattered electric fields received above the ground
at z = 0:50 and due just to the buried sphere are plotted versus the
x-direction for y = 2:040 using the data of Example 4 [Fig. 2(e)].
Three solutions are obtained for this example: 1) the conventional
MoM for the whole scatterer; 2) the multiple interaction model
(MIM); and 3) the multiple interaction model with the SDFMM (MIM
with SDFMM). The observed slight differences are attributed to the
difference in defining the scattered fields due to just the buried sphere
in both the conventional MoM and the multiple interaction model.
Using the conventional MoM, we calculated the total scattered electric
fields twice; with and without the buried sphere, then the results are
subtracted from each other with complex vectors [7], [8]. On the
other hand, using the multiple interaction model, we use the obtained
surface currents on the ground due to only the presence of the sphere,
(1)
(2)
(3)
(1)
(2)
(3)
i.e., J g + J g + J g and M g + M g + M g , and incorporate
them into the near-field expressions in [15] to compute the scattered
(0)
electric fields above the ground. Notice that the quantities J g and
(0)
M g , the surface currents on the ground without a buried object,
are not used in the calculations of the object signature. In Fig. 5(b),
the scattered electric fields received above the ground at z = 0:50
are plotted versus the y -direction for x = 2:040 using the data of
Example 5 [Fig. 2(f)]. The scattered fields due to just the air–ground
rough interface are calculated using only the ground surface currents
(0)
(0)
without the presence of the buried layer, i.e., J g and M g , while the
scattered fields due to just the underground rough layer are calculated
(1)
(2)
(3)
using only the ground surface currents J g + J g + J g and
(1)
(2)
(3)
M g + M g + M g . As expected, the signature of the air–ground
rough interface is significantly larger than that of the underground
rough layer. Table I summarizes all examples considered in this

section obtained using the conventional MoM, the MIM, and the MIM
with the SDFMM. All these three models are calculating the surface
currents on the air/ground interface and on the buried object. The
overall computer memory and CPU time are given for one interaction
mechanism (i.e., ground–object–ground). In Example 7, the total CPU
time is 192 min—177 min for the TFQMR iterative solver and only
15 min for updating the incident fields on both the ground and the
underground layer (interactions). This represents less than 8% of the
total CPU time.
In all results presented in this section, a relative residual error of
1005 is used in the TFQMR iterative solver [17] and the smallest FMM
block size is assumed to be 0:320 2 0:320 . In Examples 1–4, upon
comparing the use of the MIM with the conventional MoM, the reductions in the total CPU time and computer memory, range from 30% to
60% and from 20% to 35%, respectively. On the other hand, the CPU
time and computer memory are reduced by almost 65% and 88%, respectively, when the MIM with the SDFMM is used versus the MIM
as shown in Example 5. Moreover, in Example 7, only the MIM with
the SDFMM could be used due to the huge required computer memory
(>6 GB) for both the MoM and the MIM.
It is necessary to emphasize that the most attractive feature of the
MIM with the SDFMM is removing the quasi-planar structure constraint to enable its use in the nonquasi-planar applications described
in Fig. 2. Moreover, there are no overlapping applications that require
choosing between the MIM with the SDFMM, which works more efficiently for nonshallow scatterers, and the complete SDFMM in [7], [8],
which works more efficiently for shallow scatterers. However, to obtain the signature of the buried scatterer, the complete SDFMM in [7]
and [8] requires executing the computer code twice, with and without
the buried object, while the MIM with the SDFMM computes the object signature by running the computer code only once. Even thought
no convergence problems were encountered in any of the tested cases,
even when a very shallow underground layer is buried in lossless soil;
however, for shallow scatterers, the complete SDFMM in [7] and [8]
should be used since it represents a potentially nonstationary algorithm
for the whole matrix as discussed in [19] in addition to its superior computational complexity when used for the whole scatterer.

IV. CONCLUSION
The multiple interaction approach is used with the robust SDFMM to
remove the quasi-planar structure constraint to enable analyzing nonshallow objects buried beneath the 2-D random rough ground. The results show that the first interaction mechanism between the ground and
the buried scatterer significantly contributes to the surface current solutions while the contributions of additional interactions become insignificant, especially when the nonshallow object is buried in lossy
background soil.
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