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ABSTRACT: We investigate the role of weak clamping
forces, typically assumed to be inﬁnite, in carbon nanotube
mechanical resonators. Due to these forces, we observe a
hysteretic clamping and unclamping of the nanotube device
that results in a discrete drop in the mechanical resonance
frequency on the order of 5−20 MHz, when the temperature is
cycled between 340 and 375 K. This instability in the resonant
frequency results from the nanotube unpinning from the
electrode/trench sidewall where it is bound weakly by van der
Waals forces. Interestingly, this unpinning does not aﬀect the
Q-factor of the resonance, since the clamping is still governed
by van der Waals forces above and below the unpinning. For a
1 μm device, the drop observed in resonance frequency
corresponds to a change in nanotube length of approximately 50−65 nm. On the basis of these ﬁndings, we introduce a new
model, which includes a ﬁnite tension around zero gate voltage due to van der Waals forces and shows better agreement with the
experimental data than the perfect clamping model. From the gate dependence of the mechanical resonance frequency, we
extract the van der Waals clamping force to be 1.8 pN. The mechanical resonance frequency exhibits a striking temperature
dependence below 200 K attributed to a temperature-dependent slack arising from the competition between the van der Waals
force and the thermal ﬂuctuations in the suspended nanotube.
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strong coupling between resonance modes, which leads to
spectral ﬂuctuations that can account for the experimentally
observed quality factors Q ∼ 100 at 300 K.13 Eichler et al.
reported that symmetry breaking leads to spectral broadening of
mechanical resonances due to the nonlinearity of a single
mode.14 Several other loss mechanisms have been discussed in
the literature, however, perfect clamping conditions are assumed
in these studies.12 It is, therefore, important to understand the
mechanisms limiting the clamping of carbon nanotube based
mechanical resonators.
Here, the role of weak clamping forces is studied by measuring
the mechanical resonance of individual single-walled carbon
nanotubes over a wide temperature range from 4−450 K. The
suspended carbon nanotubes used in this study are grown on top
of metal electrodes and are clamped down by weak van der Waals
forces. In order to understand several phenomena that arise from
this weak clamping, we develop a model, which includes the
eﬀects of van der Waals bonding. This model is used to ﬁt our
experimentally observed data, and is compared with a model

he small mass density (μ = 5 ag/μm) and high stiﬀness
(Young’s modulus, E = 1 TPa) of carbon nanotubes
provide a nearly ideal system for high frequency mechanical
resonators.1,2 Since their ﬁrst demonstration by Sazanova et al. in
2004,2 the frequency and quality factors of these devices have
steadily risen.3−7 These unique devices have enabled interesting
new phenomena to be studied. For example, Wang et al. were
able to resolve subtle diﬀerences in the structural phases of argon
atoms adsorbed on the nanotube surface.8 Also, optical phonon
emission by quasi-ballistic electrons was observed through
abrupt changes in the mechanical resonance frequency at high
bias voltages.9 These devices have demonstrated a minimum
mass resolution of 1.7 × 10−24 g,10,11 which is several orders of
magnitude below other electromechanical systems. The loss
(Q−1) in carbon nanotube resonators is attributed to the
scattering of phonons at the contact of the carbon nanotube and
the metal electrodes, which are minimized at low temperatures
when there are almost no phonons populated. While the quality
factor of carbon nanotube based nanomechanical oscillators
should be around 105 at temperatures below 100 mK and
decrease to 103 at room temperature,12 the typical Q-factors
reported in the literature remain below the expected values.
Recently, Barnard et al. found that thermal ﬂuctuations induce
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Figure 1. (a) Scanning electron microscope image of a carbon nanotube (CNT) mechanical resonator and (b) close-up of the carbon nanotube crossing
the trench. (c) Schematic diagram of the device structure. (d) Mixing current plotted as a function of carrier frequency measured in FM mode.

assuming perfect clamping. It should be noted that the “weak
clamping” discussed here does not entail slipping of the nanotube
relative to the leads.
In the fabrication of carbon nanotube mechanical resonators, a
predeﬁned trench, W = 1−2 μm, is patterned in an oxidized ptype silicon (Si) substrate with platinum (Pt) source, drain, and
gate electrodes, as shown in Figure 1.15 During the fabrication
process, isotropic etching of the oxidized silicon creates an
undercut, as illustrated schematically in Figure 1c, which leaves
an overhanging structure of width Woh that is equal to the trench
depth. Nanotubes are grown on top of the Pt source and drain
electrodes by chemical vapor deposition using argon bubbled
through ethanol in a quartz tube furnace at 825 °C. This
fabrication scheme diﬀers from most previous studies which
deposit metal electrodes on top of the carbon nanotube after
growth, providing more rigid clamping. The electromechanical
resonances of these devices were measured in a high vacuum
(10−8 Torr) cryogenic chamber between 4 and 450 K. The
resistivity of an on-chip platinum resistive temperature detector
was continuously monitored to obtain the temperature of the
nanotube during the measurements.
The mechanical resonance frequencies were detected with a
single source frequency modulation (FM) technique.16 A
frequency modulated signal, Vsd(t) = Ac cos(2πfct + fΔ/f FM
cos(2π f FMt)), is applied to the source electrode. Typical values
for the signal amplitude, frequency deviation, and modulation
frequency are Ac = 8 mV, fΔ = 50 kHz, and f FM = 654 Hz,
respectively. The current through the nanotube is measured
using a lock-in ampliﬁer with the reference frequency set to f FM,
while sweeping the carrier frequency fc. Figure 2d shows a

Figure 2. (a) Color plot of mixing current, INT, for a 1 μm long carbon
nanotube (Sample 1) measured at Vg = −4 V. (b) Frequency of the
fundamental mechanical resonance mode of Sample 2 observed during a
high temperature cycle. (c) Schematic diagram showing the carbon
nanotube (CNT) taut at Vg = 0 due to van der Waals forces at room
temperature. When the temperature of the substrate is increased to 425
K, (d) the carbon nanotube delaminates from the platinum (Pt)
electrode/trench sidewall by thermal excitation. This causes an
elongation of the suspended length of the nanotube (Δl).
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and 2. Here, Γel arises from the electrostatic force between the
nanotube and gate electrode and is given by

mechanical resonance peak detected using the frequency
modulation mixing technique, which is consistent with previous
reports by Gouttenoire et al.16 We conﬁrm that the resonances
are, in fact, mechanical in nature by tuning the resonance
frequency with a DC gate voltage, Vg, which increases the tension
on the carbon nanotube given by eq 2. We also performed
measurements in air (760 Torr) in order to identify the electrical
resonances that are simply due to the passive elements in the
circuit. Since gas molecules dampen the mechanical oscillations
of the carbon nanotube at small driving potentials, the
resonances observed in gas can only originate from the passive
elements of the circuit.
Figure 2 shows the mechanical resonance frequency measured
between 300 and 450 K for two diﬀerent suspended nanotube
samples. A sudden and discrete drop in the resonance frequency
(on the order of 5−20 MHz) is observed around 340 K for both
samples, as shown in Figure 2, parts a and b. The hysteresis of this
behavior can be seen in Figure 2b when the temperature is cycled
between 300 and 450 K. This drop in the mechanical resonance
frequency was observed in a total of six devices and results from a
sudden elongation in the suspended length of the nanotube, Δl,
as depicted in Figure 2, parts c and d. Since the nanotubes are
grown at 825 °C, the nanotube acquires slack (s) when the
sample is cooled to room temperature. At ambient and low
temperatures, this slack is taken up by van der Waals forces,
which causes the nanotube to stick to the electrode/trench
sidewall, as illustrated in Figure 2c. We can estimate the change in
the suspended length of the nanotube corresponding to this drop
in mechanical resonance frequency using eqs 1−3 described
below. On the basis of this model, the 20 MHz drop shown in
Figure 2a (second mode) corresponds to a change in the
suspended nanotube length of Δl = 65 nm for sample 1, which
has a 1 μm nominal suspended length. The 5 MHz drop shown in
Figure 2b (lowest mode) corresponds to a change in the
suspended nanotube length of Δl = 50 nm for sample 2, which
also has a 1 μm nominal suspended length.
Interestingly, the nanotube delaminating from the electrode/
trench sidewall does not aﬀect the Q-factor of the resonance, as
shown in Figure S1 of the Supporting Information, since the
clamping conditions have not changed.13,17 That is, the clamping
at the ends of the nanotube is limited by van der Waals forces for
both conﬁgurations depicted in Figure 2, parts c and d. It is
possible that the Q factor changes with the clamping, but that the
sharpness of the resonance is limited by ﬂuctuation broadening,
as suggested by Barnard et al.13 This sudden drop in frequency at
higher temperatures was observed in six of the seven samples
tested, all in the temperature range 340−375 K. For repeated
heating cycles, the critical temperature remains the same, as
shown in Figure S2 of the Supporting Information. However, the
transition becomes sharper after repeated cycles.
Previous modeling of suspended nanotube resonators assumes
perfect clamping and predicts a mechanical resonance frequency
given by
ftotal =
=
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where Cg, z, Vg, and s are the capacitance of the nanotube,
distance between the gate electrode and the nanotube, gate
voltage, and the slack of the nanotube, respectively. In the perfect
clamping model, the tension Γ goes to zero at zero gate voltage
(Γ → 0 at Vg = 0).
The van der Waals clamping of the suspended carbon
nanotube resonator depicted in Figure 2c diﬀers signiﬁcantly
from the perfect clamping model described above. In the model
presented here, there is always a ﬁnite tension on the nanotube
due to the van der Waals bonding, and thus, Γ → ΓvdW at Vg = 0,
where ΓvdW is the van der Waals force. Including this extra
tension term, the equation for the gate voltage dependence of the
mechanical resonance frequency becomes
f (Vg ) =
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This deviates from the hyperbolic function described above, and
thus, this van der Waals clamping predicts a mechanical
resonance frequency with a diﬀerent gate voltage dependence,
which can be evaluated experimentally, as described below.
Figure 3 shows the gate voltage dependence of the mechanical
resonance frequency for a suspended carbon nanotube taken at

Figure 3. Gate dependence of the mechanical resonance frequency of a
suspended carbon nanotube device, plotted together with the perfect
clamping (solid blue line) and van der Waals bonding (solid black line)
models.

room temperature. The data is ﬁt using eq 3 above with ΓvdW = 0
(perfect clamping model) and ΓvdW = 1.8 pN. The other
parameters in the ﬁt are d = 1 nm, E = 1 TPa, I = 2.325 × 10−15
kg/m, and L = 1.0−2.2 μm (depending on sample). The two
models deviate signiﬁcantly around zero gate voltage, as
expected, when the van der Waals (vdWs) force/tension
becomes dominant. In particular, the presence of a vdWs force
makes the bottom of the hyperbola more “ﬂat”. The fact that the
vdWs model ﬁts the data better in this gate voltage range
validates that this physical mechanism is indeed playing a
signiﬁcant role in the mechanical resonance of the device.
Figure 4a shows the temperature dependence of the
mechanical resonance frequency below room temperature for
two suspended nanotube devices. For both devices, the
resonance frequency exhibits a minimum at approximately 180

ftension 2 + fbending 2

⎛ n
⎜
⎝ 2L

dCg

(1)

where L, μ, E, and I are the suspended length, linear mass density,
Young’s modulus, and the area moment of inertia of the
nanotube, respectively.2,13,18 βn = 4.75, 7.85, and 11 for n = 0, 1,
C
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expansion of the CNT and/or underlying substrate. In eq 2,
however, the slack, s, is temperature dependent and is given by18
L ( T ) − W (T )
W (T )
=1−
L (T )
L (T )
Wo + ΔW (T )
=1−
Lo + ΔW (T ) + ΔLCNT(T )

s=

(5)

where L, W, Lo, Wo, and ΔLCNT are the nanotube suspended
length, trench width, suspended length of the nanotube at 300 K,
trench width at 300 K, and the change of the nanotube’s
suspended length due to the thermal expansion/contraction.
Here, the thermal expansion/contraction of the nanotube
contributes to the slack, and is given by
T

ΔLCNT(T ) = L

K and increases rapidly at lower temperatures, nearly doubling in
mechanical resonance frequency at 4 K. This striking increase in
frequency is not consistent with the perfect clamping model, as
described below.
Assuming perfect clamping, we can calculate the temperature
dependence of the mechanical resonance frequency using eq 1.
Here, the temperature dependence of the trench width, ΔW, can
be calculated from the literature values of the thermal expansion
coeﬃcients of silicon and Pt, as
T

(6)

where αCNT is the temperature-dependent thermal expansion
coeﬃcient of the suspended nanotube, as reported by Kahaly et
al.22 From eqs 1, 4, 5, and 6, we calculate the temperature
dependence of the mechanical resonance frequency of a 1 μm
wide suspended nanotube device, as shown in Figure S3 of the
Supporting Information. This model predicts a very small
temperature dependence of the mechanical resonance frequency,
varying by only 0.2% over the whole temperature range. This is 3
orders of magnitude smaller than the variation we observe
experimentally, further indicating that the perfect clamping
model is not valid in this system. Instead, we expect there to be
temperature-dependent clamping, due to the van der Waals
bonding.
For perfectly clamped carbon nanotube resonators, a linearly
increasing frequency with temperature was observed (Δf ∼ T) by
Barnard et al., and is attributed to a change in length of the
nanotube caused by thermal ﬂuctuations in each eigenmodel.13
This model also predicts the temperature dependence of the Q
factor quite accurately. For the weakly clamped nanotubes
measured in our study, we observe the same temperature
dependence (f increasing with T) above 200 K. However, below
200 K, the opposite behavior is observed, with the frequency
nearly doubling between 200 and 4 K, as shown in Figure 4a. This
anomalous behavior can be explained by considering the
temperature-dependent adhesion brought about by the competition between the van der Waals force and the thermal
ﬂuctuations in the suspended nanotube, which leads to a
temperature-dependent slack, s(T), as illustrated in Figure 4b.
We can estimate the change in slack over this temperature range
by solving eq 3 above for the slack. A derivation of the slack
dependence on mechanical resonance frequency is given in the
Supporting Information. The temperature dependence of the
slack for these two data sets are shown in Figure 4c, which exhibit
the same general trend, monotonically increasing with temperature. We believe that this change in slack is responsible for the
temperature dependence of the mechanical resonance frequency
observed in our work.
The temperature-dependent slack model described above is
based on the competition between the van der Waals force and
the thermal ﬂuctuations in the suspended nanotube. A rigorous
theoretical model of this competition is beyond the scope of this
paper, however, one could imagine that, in thermodynamic
equilibrium, there is a trade-oﬀ between the binding enthalpy of
the nanotube to the trench sidewall ΔH and the entropy of the
suspended carbon nanotube ΔS. Such entropic considerations
are known to be important in the nanomechanics of DNA.23 In

Figure 4. (a) Temperature dependence of the mechanical resonance
frequency of sample 3 (solid red triangles) at Vg = −5 V and sample 4
(empty black squares) at Vg = −6.1 V. (b) Schematic diagram and (c)
calculated temperature dependence of slack s at lower temperatures.

ΔW (T ) = (Wo + 2Woh)

∫300 αCNT(t ) dt

T

∫300 αSi(t ) dt − 2Woh ∫300 αPt(t ) dt
(4)

where Wo, Woh, αSi, and αPt are the width of the trench at 300 K,
width of the overhanging platinum electrodes at 300 K
(illustrated in Figure 1c), and the temperature-dependent
thermal expansion coeﬃcients of silicon and platinum,19−21
respectively. We also assume that the nanotube is always slack in
this calculation, since (1) the nanotube is grown at high
temperatures (∼825 °C) and (2) the thermal expansion
coeﬃcient of the carbon nanotube is negative and small
(∼10−7) compared to that of the trench (∼10−6). As a result,
the tension on the nanotube is simply determined by eq 2, and we
do not have to consider the tension increasing due to the thermal
D
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this case, the stable binding length of the nanotube would
correspond to the minimum Gibbs free energy of the system, ΔG
= ΔH − TΔS. As the temperature increases, we expect to see an
entropically driven delamination of the nanotube from the trench
sidewall, which eﬀectively increases the slack in the nanotube.
In conclusion, we report weak clamping behavior in suspended
carbon nanotube nanomechanical resonators. Above room
temperature (340−375 K), a discrete drop in the mechanical
resonance frequency on the order of 5−20 MHz is observed due
to weak van der Waals binding forces between the nanotube and
its underlying electrodes/trench sidewall. This peeling event,
however, does not change the quality factor of the mechanical
resonance. The instability in the resonance frequency results
from the nanotube delaminating from the electrode sidewall by
thermal excitation, which corresponds to an additional length of
approximately 50−65 nm for a 1 μm device. On the basis of a
revised model, we estimate the out-of-plane van der Waals force
between the carbon nanotube and the Pt surface to be ΓvdW = 1.8
pN. The strong temperature dependence of the mechanical
resonance frequency observed at low temperatures (4−200 K) is
attributed to a temperature-dependent slack arising from the
competition between the van der Waals force and thermal
ﬂuctuations in the suspended nanotube.
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