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Outline of the Course

(I) Spectra and Localization

(I) Complex Orientations and the Morava K-Theories &~ itk
(1) The Chromatic Filtration @ Conjec brures
(IV) Morava E-Theory and the Stabilizer Group @ K(a\ - (0wl




Part | — Spectra and Localization

(1) Cohomology Theories

(2) Spectra

(3) Stable Homotopy Category Sat-wp.
(4)

(5)

5

Bousfield Localization
What is Chromatic Homotopy Theory? &A Yrekiva bhion




Cohomology with Coefficients in G €@ Ay

— Reduced
HG*(—): CWP — Ab ‘
Te\msm\ Cw- compleres

. (Homotopy) If f ~ g, then I/-I\C'*(f) = ﬁé*(g)

(Additivity)

!\)l—-‘

ﬁ/G* <L[X,> = Hﬁé*(x,)

iel iel
3. (Exactness) For A € X a subcomplex, the following sequence is exact:
—k — —
HG (X/A) - HG (X) — HG (A)
4. (Suspension) For each n, there is a natural isomorphism

HE"(X) = HE" ™ (£X).

5. (Dimension) T-/\é*(so) =Ginx=0.

In fact, it is representable

HG"(X) =~ [X,K(G,n)], K(G,n)=>QK(G,n+1).

Ellrnlaerg Weelene Spud T, KCan) = SL'C; .'=¢nn




Eilenberg-Steenrod Axioms

A reduced cohomology theory is a functor
E*: CWP — Ab

which satisfies the following axioms

1. (Homotopy) If f ~ g then E*(f) = E*(g).

2. (Additivity)

E* <HX,> = HE*(X,)
iel iel
3. (Exactness) For A € X a subcomplex, the following sequence is exact:
E*(X/A) — E¥(X) — E*(A)
4. (Suspension) For each n, there is a natural isomorphism

E"(X) = EMI(ZX).




Let E be a cohomology theory. There is a sequence of based spaces E,, n > 0
with weak equivalences
wn: Ep = QEpq1. o~ Suspensiom so.

such that ~
E"(X) ~ [X, En].

Meps. (S, Y)
The adjunction v !
(X, QY] = [£X,Y].
gives the suspension isomorphism XAS)

En(X) = [X, En] — [X, QEns1] = [EX, Epy1] = En+1(EX)

wpo—




Objects. An (Q-)spectrum E is a sequence of based spaces E,, n = 0 with
weak equivalences
wn: Ep = QEn+1

Morphisms. A map of f: E — F is a sequence of maps f,: E, — F, such that
the diagram commutes:

fn
E,—— F,

an+1

QE 1 — QFp11

We denote the category of spectra by Sp.

L J

For a sequence E = {E, : n > 0} and inclusions wn: Ep — QEp41,

” P IO
EoaSLE SV €y LE, = lim Q*E, i, Lwn = lim Q w4
_— k k

is a spectrum. This is called spectrification.




HG*(—) is represented by

HG, = K(G,n) wn: K(G,n) = QK(G,n+1).

By Bott Periodicity, QU ~ Z x BU and Q(Z x BU) ~ U. Complex K-theory
K*(—), is represented by

K = {Z x BU,U,Z x BU,U,Z x BU,U,...}.

For a based space X, the suspension spectrum is the spectrification of

(Z®X), = £"X wn: XX — Q¥tlX
p—— — [ l§)
where wy, is the adjoint to the identity
on: TE"X S EMTLX

We often write X for ¥ X. The(sphere spectrum is S0 = y»g50
¢




MU is the spectrification of the sequence
L { ’
{MU(1), EMU(1), MU(2), EMU(2), ...}

where MU(n) is the Thom space of the canonical complex vector bundle

+—a (Pl
4 7‘: — Gra(C®) ~ BU(n).
Note: <

*Yn11 = % @ C ———— Y11

!

BU(n) : BU(n +1)
- —_
The map wapt1: TMU(n) WU(2n) is adjoint to:

T2MU(n) = Th(i*yps1) —— > Th(yat1) = MU(n + 1)

The map wz,: MU(n) — QXMU(n) is adjoint to the identity.

VW () \@@ ?;j’




If E is a spectrum, then the rth homotopy group of E is

T E = ||_)m Tr+nEn.

n

A map f: E — F is a weak equivalence if w4« f is an isomorphism.

> The stable homotopy groups of spheres are are

m = m X080 = lim 7,4 S".
> Ty Hﬁ; Aiconcentrated in*%=0. S

n
> oK X

S
>

Z[BT] for B e mK = K(((;fl) the Bott class, i.e.,
7r‘2_,K =Z{8"},

(Sl

s 1K = 0. ce neg
koma\'DP‘-

> T MU = Z[x1, x2, . . .] for x, € T2y MU related to [CP"].

moMU = Z{1}, mMU =0, mMU = Z{xi},

TaMU = Z{x?, x2}.




Let C be a category and W a subcategory such that

e All isomorphisms of C are in W,

e If 2 out of 3 of {f,g,g o f} are in W, then so is the third.
The homotopy category of C is a category Ho(C,VV) and a functor

i enists t: C — Ho(C, W)

such that, for F: C — D which maps W to isomorphisms, there is

C——

51
l EHFW
o(C, W

such that F =» FW o L.




Stable Homotopy Category

@: Ho(Sp, Wso) for Wso the weak equivalences is called the stable homo-

y category. X, ised. (‘_ﬁaal_i_s o
> [X,Y]:=SH(X,Y) are abelian groups

—= > Finite products and coproducts are equivalent in SH

» Closed symmetric monoidal with unit S°:
@‘)’(A E)n  —n—:SHxSH—SH ‘F(—,—)S SHP x SH — SH
XAEn ® LF(X A Y, 2) = FX,F(Y,2)))
1 Triangula.ted: Y : SH — SH with .l:-’l:
Spctihy TS T XaSl T E(SLX)SLK a3

> Distinguished triangles obber S rquence
X *;> 14 X (8D
K )4

where Cr = Y us (X A[0,1]) is the cofiber of f.
| S et e’ PN

L
> Long exact sequences for [—, Z] and [Z, —]. For example: @
R §

X Y 7 Cr Tp—1X




Models for Spectra

There are other choices (C, W) with SH = Ho(C,W). In particular, there are
closed symmetric monoidal models for Sp.

ELTY 3 - odude

Sywakric S SS

O chiwg s peahve
oo’—«\.c\(:mlha ok o Sgeshes



Homology and Cohomology

If E is a spectrum, then E-homology is the functor E*: i?iﬁ Ab
X - E"_(_X) =m0 (E A X)
and E—coh’?mology is theEmctor E*: SHP — Ab ZCJ
X — E"(X) := 7r,,,F()S7 E_) = [X,Z"E].

We let N ~
E, = E;(S°) = m,E = ET"(S%) = E~"

Stable Homotopy Groups as a Homology Theory

For E = S9, this gives:
S04 (X))= 7 (X)

Weak equivalences are ,SVO*—isomorphisms and SH is obtained from Sp by
inverting these.

\.

@-ﬂ 71:,}\= QnQim "i-n7K

nwev



Bousfield Localization

A map f: X — Y is an E-equivalences if
Ex(f): Ex(X) = Ex(Y)
Let WE < Sp be the subcategory of E-equivalences and

un

SHg = Ho(Sp,Wg).  Eloal

v

Beus Feld

—
—

» X is E-acyclic if E4(X) = 0.
> Y is E-local if [X, Y] =0 when X is E-acyclic.
Let Spge be the full subcategory whose objects are E-local spectra. In fact:

SHe =~ Ho(Spe, W n SpE).

Exercise

A map f: X - Y in Spg is a weak equivalence iff it is an E-equivalence.




Universal Property of Localization

An E-localization is an E-equivalence n: X — LgX for LEX € Spe. These
exist and are unique in 87-[ 'te_ iso

LEZ SH — %% SH, n: ]-S’H g LE~
If f: X = Y with Y € Spg, then

X—" sy

J/ 4
n r
o fE

and fg is unique in SH. There is a distinguished triangle

X - Lgx = 2ZCeX
l;m.‘ho—'k
where CgX is the terminal Ey-acyclic speetrum with a map to X.

Exercise

There is a natural transformation Lg, g — Lg and,

Rowvarel” lpokanw ... ~
L%\f‘?d& Qecs

Le~Lgleyr ~LeyrLe.




Localization and Completion

For G an abelian group, let SG a a Moore spectrum okl

[jes S} — Ilies S°{&i} —— 56 ——=1[]

jeJ 50{’1'}

for a presentation @, Z{rj} — D¢, Z{gi} — G.
> If G =Z) or Q, then LsgX ~ SG A X and
Txlsg X = 4 X ® G.

The p-localization of X is:

)&) = LSZ(P)X
The rationalization of X is:
Xp = LsgX
> If the groups w4 X are finitely generated, then
9 T lszpX = e X Q@ Zp= ‘Qé%“ Z/P\
R (_‘where Zp is the p-adic integers. The p-completion of X is
oy

[AEN
Xp = Lsz/pX.




For the p-local sphere S(:,) = LSZ(P)S,’ /O

Z,) Sv
v/

o 7 n=
TnS(p) = {Tf)';l( :
For the rarional sphere S& = LSQS?

)

n> 0.

—

s {Q n=0
0

n> 0.
A spectrum is connective if 7, X = 0 for r < 0. For such X
—_— —

110

L_ﬂEX ~ Lﬁ;X.
,C
°_ ° =i \enbe Mael-cns
S? ) )_H_@{PS 7

N



For k = 0, there are unstable operations
PR K*(X) > K*(X).
= — m—
They give stable operations
Adows Qo k.
\w/ Ky — K
ppaia v Ky~ K
for k € Z The action of ¥¥ on 74K, = Zp[8T!] is determined by
k
~ing \womo. P (B) = kB.
21’ ’ulsdtn’
Let p be odd and KZ/p = K A SZ/p so that Adans qura‘
msKZ/p =~ Z/p[&il]. Raserel
There is a distinguished triangle BWSC\M
0) vt 0
— LKZ/pS Kp Kp ZLKZ/pS
for £ a topological tor of Z = Cooy = )
oro\a opological generator of Z, C? \ ZP V-\-Klfpg

A\



Real Bott Periodicity gives 734440 =~ Z. The J homomorphism

J: 00 — ), [ (ILJgr[pww&’o

has image

n|3 7 11 15 19 23 27 31 35 39 43
[Za4 Zonao Zsos Zaso Zass Zesso Zox Zagso Zostos Zizaoo Lo

P

fh[fhffhlihlfh[fhfih

37 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99 103 107

1..[..1..1..[..1..1..l

23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99 103 107

FTUUOR FUUOR FOUOR FOURY FOURR SUURR TOURR TOUOR TOURS IOUOY TOUOY TOUO |
39 79 119 159 199 239 279 319 359 399 439 479 519

Compute 7y LKZ/pSO and compare with the p-component of im(J).

N dgetecky T J

™ M
s




Fix a prime p. There are spectra K(0),K(1),K(2),...,K(0) called the
Morava K-theories:
LnX = Lk@yv...vk(mX
In fact,
Loy = Lo L@ = Lkzp  Lk(wo) = LHz)p
The chromatic convergence theorem (Hopkins—Ravenel) states:

Woltmh
0~ 0
5(p) ~ |HQL,,5

%ﬁhe nth chromatic layer is L,S°.
—

Chromatic homotopy theory studies the SE)P) via this filtration.




Computation by Ravenel
lllustration by Hatcher Trx 5(5)
Edits by Behrens

AR IR S U0R TOUR SOUUR SOUNR R SUONR TOOR

39 79 119 159 199 239 279 319 359 309 439 473 519 559 593 639 679 719 759 799 839 879 G519 G959 999

Jendedannde.




Computation by Ravenel
lllustration by Hatcher Trx S(5)
Edits by Behrens

s,

B34 1 16

15/2¢
14"

w04/, .

.. . 03¢ 2 114

v1—periodic = image of J i as
g

Period =2(p—1) =8

39 79 119 159 199 239 279 319 359 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 939



Computation by Ravenel

lllustration by Hatcher Trx 8(5) p=
Edits by Behrens

v9—periodic
Period = 2(p? — 1) = 48

JUUUR TUU00 SP0TR SV UUUR AUOUR JUUC SUUPS SUPIRC JOUUR AUOUR SUNC SUUP0 SUUN JOUOE AUOUR SUPE SVO0 SUUNE JOUE SUU0R SUPE V00 SUURE JOO
39 79 119 159 199 239 279 319 359 389 439 479 519 559 599 #39 §79 719 759 799 839 879 0919 G959 949



Computation by Ravenel
lllustration by Hatcher
Edits by Behrens

m3(s)

vg—periodic
Period = 2(p® — 1) = 248

U U008 SOV JUU0K JUUUE SUUUE SUUPS SUUUR JUUEG SOUC SPUUS SURUC SUUUR SURVS SUVRR UUUS SUUUE JUUPY SURC JUUPE JUUUC SUU0% SUUS SUUNR JORE

39 79 119 159

199

239

279 319 359 399 439 479 519 559 589 639 679

719 753 799

wal,
21351 2l .
203+ 219+
19
18 Sl

839 879 0919 959 939



74S(2) (Illustration by Isaksen)
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74S(2) (Illustration by Isaksen)

/@‘
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7% S(2) (Illustration by Isaksen)

Telescope Conjecture (Ravenel)

The first n-rays are detected by L,S°.

Chromatic Splitting Conjecture (Hopkins)

7
| \

The gluing data for the chromatic layers is simple.
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